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NOTE 


Unfoetttitately war conditions have prevented the text from being 
revised and brought up to date. References to recent papers have 
been added on p. xii. New formulae are given on p. xi. In 1936 
the author and A. L. Meyers introduced the ster and stei functions 
for evaluating integrals (5)-(8) on p. xi. They have been christened 
(irreverently perhaps!) the ‘farmyard functions’, a nomenclature 
which may aid memorization. The preparation of tables of polar 
values, and extension of those of No{z), (f>Q{z), N^iz), <f)y{z) in ref. 13, 
p. xii, would be useful work for a post-graduate student. In Chap. 11 
the term ‘period’ signifies that the function is oscillatory, its larger 
zeros being almost equally spaced. Strictly a periodic function repeats 
itself exactly at regular intervals, e.g. sin z, cos z. Throughout the text 
certain infinite series have been differentiated and integrated term by 
term, since the appropriate conditions given m Bromwich’s Theory 
of Infinite Series (1926) are satisfied. The conditions for validity of 
differentiation under the integral sign, ^nging the order of integra¬ 
tion, and the derivation and theory of asymptotic series are also 
treated therein. The omission of contour integral representation of 
Bessel functions and its technical applications has been rectified by 
publication m 1939 of Complex Variable and Operational Calcvlus 
with Technical Applications. Asymptotic series and their derivation 
are treated therein. The definition of an asymptotic series on p. 300 
should read 0 as |z| oo, not |jB„| 0 as |z| h>- oo. 


LONDON, 1941 


N. W. M. 


PREFACE 

The use of Bessel functions in research and design work is now 
so extensive that the theory and its applications may well find a 
place in the technical training of those destined to be engineers. The 
three well-known treatises by Gray, Mathews, and MacRobert [77], 
Neilsen [85], and Watson [93],t whilst of great value to pure and 
applied mathematicians, are not suitable for engineers, whose main 
I The numbers in square brackets denote the references at the end of the book. 



PREFACE 


purpose is the applica»tioii of the functions to practical problems. 
Consequently this Tolume has been specially wntten for engineers, 
so that they can become familiar with that part of the theory which 
is required, in applied analysis. The book will be useful in connexion 
with Chapters II to VI of the author’s treatise on Loud Speakers. 
At the same time it may also serve to introduce the functions to 
students of pure and applied mathematics. The treatment is simple 
yet rigorous enough for engineers, whilst the text contains many 
worked examples illustrating various analytical processes. No prior 
knowledge, beyond that which should be obtainable in an engineering 
degree course is required, and the sequence of the chapters has been 
arranged with this in view. The fimctions have not been introduced 
via Laplace’s equation, since this approach is more in keeping with 
the outlook of the mathematician than with that of the engineer. 
For the benefit of teachers it may be said that the subject-matter has 
been used for a course of lectures to practising engineers with success. 
Owing to space limitations the theory and the more detailed parts of 
the practical applications have been curtailed in places, but nothing 
of ftindamental importance to engineers has been omitted. For the 
same reason there is no mention of contour integrals [82] or of 
Heaviside’s operators [79 a]. The reader who desires to supplement 
his knowledge can do so by aid of the reference Hst at the end of the 
book. Where necessary, practical analysis has been shorn of its 
technicalities, wlxilst references to the original works are given to 
enable the reader to complete his studies. Including subdivisions, 
there are approximately 600 examples to be worked out by the reader. 
Many of the examples are either practical problems or represent 
practical analysis dissected to effect simplification. Those devoid of 
a practical basis are included to facilitate understanding and memo¬ 
rization of the more important formulae. This is a sine qw non in 
mathematical work, since it is rather hazardous to solve practical 
problems with a book in one hand and a pen in the other without 
a proper knowledge of the processes involved. A list of important 
formulae is given for reference purposes on pp. 167-72, but additional 
formulae will be encountered in the examples. No attempt has been 
made to print a comprehensive set of tables, since these are available 
elsewhere.f The tables have been selected chiefly to suit the require¬ 
ments of acoustical and electrical engineers, the entries being given 
to four significant figures, which is ample for engineering purposes, 
t See Hst of reference books on p. 187. 



PEEFACE vii 

The author is indehted to the Syndics of the Cambridge Univer¬ 
sity Press for permission to use entries from G. N. Watson’s Bessel 
Functions to complete Tables 3-7; to the Committee of the British 
Association for kind permission to publish Tables 8-11; also to 
Professor H. B. Dwight and the American Institute of Electrical 
Engineers for kind permission to reproduce Tables 12, 13 [37]. He 
is also much indebted to Mr. R. R. M. Mallock for Tables 14, 16, 
giving the polar values of the her and bei functions, which are 
abridgements of five-figure tables computed by him in 1928. The 
polar form has been suggested by Keimelly, Laws, and Pierce [40], 
who computed tables which are reproduced in the Report of the 
British Association, 1923. Tables are also given in FunUionentafdn 
by Jahnke and Emde [79]. The polar form has been generalized in 
Chapter VIII and new formulae are developed which simplify 
analysis involving ber, bei, ker, and kei functions. The polar values 
of the ker and kei functions, viz. Nq{z), ^o(z), ^^(z), ^^(z), were not 
available when the manuscript was completed. They will be found 
in a paper by Mr. A. L. Meyers and the author, entitled ‘The polar 
form of the ker and kei functions and its application to eddy current 
heating’, which is published in the Philosophical Magazine, 18 , 610, 
1934. Formulae given therein for calculating polar and cartesian 
values, for large and small arguments, have been reproduced on 
p. X, in examples 69-66, p. 133, and on pp. 179,180. 

Professor T. M. MacRobert has very kindly criticized the manu¬ 
script and read the proofs from the view-point of the pure mathe¬ 
matician, whilst Messrs. C. R. Cosens, R. R. M. Mallock, and A. L. 
Meyers have done likewise from the view-point of the engineer- 
mathematician. Mr. Meyers generously undertook the herculean task 
of checking the examples. The author has very great pleasure in 
expressing his appreciation of the excellent suggestions made by these 
gentlemen. 

N. W. M. 

LONDON, 

September 1934 
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SYMBOLS 


The symbols used for various physical quantities are defined in the text and 
are identical with those in Loud Speakers, although there are a few additions. 
Arbitrary constants are usually denoted by the notation Aj, Cj,... so that 

in general they will not be mistaken for A area, B flux density. C capacity. 

Following E. C. J. Lommel the order of a Bessel function is represented by 
m ox n when integral, but by ju or v when unrestricted. The symbols for the 
various Bessel functions are given below: 


4(*). m 

W, Y,{z) 

£?<}>(*), £r<»(z) 

(£„(*), (£,(*) 
4(z), 4(z) 
K„(z), KM 
H„(z), H,(z) 
M„(«), My{z) 

OM, OM 


Bessel function of the first kind. 

.. „ „ second kind, as defined by Weber. 

.. » „ „ „ „ „ Neumann. 

» „ „ third „ „ „ Nielsen. 

»> >» »» ft ft 

Cylinder function as defined by Sonine. 

Modified Bessel function of the first kind. 

,, „ „ „ second kind. 

Struve’s function. R{v) signifies ‘the real part of’ v. 

eJ(b©Tlz+he^z), V(^er 52 +beij 2 ). 

, -bei«2J ^ ,bei»2:- 

tan-^ =—2:. tan-^ ^. 

ber„2J ber^g 


N^{z)f N^,(z) ^(kej^z-\-ke^z), ^(kerjz+keijis). 




ker^t^’ 


2 MW, 


, W( 2 :) = - -r^-^C08(^i—^ 0 —Jtt), the dissipation or loss function (Chap. IX). 
z M.q\Z) 


■ * MM 


*1^® penetration function (Chap. IX). 


In dealing with the ber and bei functions (Chap. VIII) the symbols 
are used to represent thereby avoiding the symbols as 

these are apt to lead to confusion owing to the ambiguity in sign. Thus we take 
as standard functions Ji( 2 ;i*) — ber^+ibei^; and Jj(zi^) ^ 
whereas some continental writers use JQ{z^Ji) = /o( 2 :i*) = berz—ibeiz; and 
Jiiz'^i) = Ji{zi^) = "-"beri 2 ?+ibeii 2 :. When using tables, care must be taken 
to ascertain which functions have been tabulated. The values of the various 
complex quantities involved are shown in Fig. 18. 

In works on pure mathematics some writers use amp z, whilst others prefer 
argsj to signify the angle of inclination of the vector representing a complex 
quantity, to the positive real axis. From the view-point of an engineer or a 
physicist, neither of these symbols says what it means, nor does it mean what 
it says! Amp signifies ampere or amplitude, and if the latter, the maximum 
value of an oscillation is implied, which corresponds to the modulus of the 
complex quantity, but not to an angle- Argz implies the independent variable 




X SYMBOLS 

or argument of a function such as z in J„(z). Consequently, to avoid ambiguity, 
we shall use ‘phase z’ pr 8 tq denote the angle of the vector with the positive 
real axis. Thus if z = Wiyl = ‘phase z’ = 

In problems relating to vibration or alternating currents, the time factor 
is tacitly implied, but for brevity it is usually omitted. It is introduced (in 
mind) prior to differentiation with respect to t, but it is removed immediately 
afterwards. 

Symbols of the form J signify indejfinite integrals. 


PLANE WAVE ASSUMPTION IN HOEN THEORY, §13, CHAP. IV 

The horn analysis is based on the assumption that the sound pressure is equal 
in amplitude and in phase over plane sections orthogonal to the linear aacis* 
It is only tenable for a distance from the throat which decreases with (1) rise 
in frequency, (2) increase in throat area, (3) increase in the rate of expansion. 
The latter in a very long flared horn is ultimately large enough for the section 
to be regarded as a flat surface in an infinite plane, so the radiation is then 
projected in the form of a beam [83, Chap. V]. Within the horn itself reflection 
is neglected and the transmitted wave only is considered. This is permissible 
provided the rate of expansion and the frequency are not too high. In a 
practical horn, imder this condition, any modification in the formula for 
throat impedance can usually be neglected, except that at low frequencies to * 
embody the influence of reflection at the mouth. If we imagine the horn to be 
divided up into a myriad of frictionless conduits, of small dimensions compared 
with the wave-length, the analysis in Chap. IV is rigorous, provided the area 
refers to that curved surface all points of which, measured along the centre 
lines of the conduits, are equidistant from the throat. 


POLAR FORMULAE FOR THE HER AND KEI FUNCTIONS 


When 0 < z < 0-2, 


Nq{z) -7- Bq 






f-^Io+l-^o+2+jg 


(- 4 « 


4J5„ 


Uz) = + + —+ radians; 

^i{*) =j=^-i«>+(d§+M«+iK; 

^i(*) =?|n‘—2{do+i)v“—ir(do+})«« radians; 

V = iz, do = (0-1169315... -logoz), Bg = 


( 1 ) 

( 2 ) 

(3) 

(4) 


where 



ADDITIONAL FORMULAE 

Feom additional reference 15, 'w'e have 
J (k)%{lz) dz 

z 

Replacing the J’s by F’s gives the value of J (lz)%(h) dz. By writing v = 0, 
Z =s 1, and taking the lower limit zero, formulae (42), (43) on p. 49 are obtained* 

The following integrals are evaluated in the same paper: (1) ^ z^^J^,{z) dz; 

(2) J {lz)%(lz) dz; (3) J {lzYK^{lz) dz; (4) J e^H^J^z) dz; (5) J z'^h^i^z dz; 

(6) J z^bei^z dz-, (7) J z''ker^z dz; (8) J z^kei^z dz. The first and second deri¬ 
vatives of the functions M,(z), 6„{z), N„(z), ^„(z) in Chap. VIII are given also. 
Integral (1) is expressed in terms of the Lommel dual order function S^.„{iz), 
treated in reference 93. Integrals (2), (3) involve the modified Struve function 
h„(z) = z“''-iH^(zi), whilst (6)-(8) are given in terms of ster and stei functions 
[see additional reference 14] defined thus: 

H„(zi*) = i‘^'iL„(zi*) = ster„z-t-isteiyZ, 

= jS„(z)e^v(*) = S„{z)[cosi{)y{z)+ism.tl)y(z)], ^ 
where Sy{z) = 7(ster?z-|-stei2z), i^„(z) = tan“Hstei„z/ster„z). 

Infmite integral. By §11, Chap. IV, when z is real, positive, and large 
enough, 

=? y(^|cos(z-Jw-Jv5r)-(^5^^)sin(z-|7r-^wr)|. 

Using partial integration and neglecting unwanted terms, we get 

00 

Jy{z) dz == y(^)|(^^^^)cos(z-Jff-Jv7r)-l-sin(z-Jjr-Jv7r)|. 

Z 

00 

Since J J^{z) dz = 1, E{v) > — 1, when z is real, positive, and large enough, 

0 

z 

I Jy{z)dz =: l + yi^—j||^?^^^jcos(z-j7r-Jv7r)+sin(s-i^ 

0 

A closer approximation can be obtained by using more terms of the asymp¬ 
totic formula prior to integration. 
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HISTORICAL INTRODUCTION; FUNCTIONS OF ORDER 
ZERO; VIBRATION OP MEMBRANES 


1. Introduction 


Bessbi. functions, like many other branches of mathematics, had 
their origin in the solution of purely physical problems. Particular 
cases of these functions occurred in the solutions of differential equa¬ 
tions over a century before the advent of the famous memoir written 
by the German astronomer, F. W. Bessel in 1824 and published in 
1826 . Consequently the nomenclature ‘Bessel Function’ did not exist 
prior to 1826 . 


In 1732 .Daniel Bernoulli, a Swiss mathematician, well known as 
one of throe illustrious brothers, studied the problem of the oscilla¬ 
tions of a heavy flexible chain suspended vertically with its lower 
end free. This end is assumed to be moved sideways slightly and then 
released, so Bernoulli’s , problem was to determine the subsequent 
motion of the chain. In doing this he obtamed a differential equation 


of the form 


<^^ 2 / , 1 ^ 4 _ _ 

dz^~^z dz~^ z 


0 , 


( 1 ) 


which is a particular case of an equation formulated by Bessel about 
a century later. Its solution is given in example 15 at the end of the 
present chapter. 

L. Euler, so well known to engineers for his long strut formula, 
investigated the vibrations of a stretched circular membrane in 1764, 
and ho obtained a differential equation identical in form with that 
now accepted as the generalized Bessel equation. Dining the solution 
of an astronomical problem in 1770, the French mathematician, 
J. L. de Lagrange, arrived at an equation whose solution, presented 
in the form of an infinite series, involved coefficients now coupled 
with Bessoi’H name. An investigation of the coefficients obtained by 
Lagrange was conducted some years later by the Italian mathe¬ 
matician, F. Carlini, and the famous French analyst, P. S. de Laplace. 

The year 1822 is of singular importance in the history of mathe¬ 
matics owing to the publication of J. B. Fourier’s treatise on The 
Analytical Theory of Heat. This epoch-making analysis had adorned 
the archives of the Paris Academy of Sciences for about twelve 

3837.5 li 



2 BESSEL FUNCTIONS I. I 

years. Its publication was delayed for fear that it should adversely 
affect the prestige of the powers that were. In treating a problem 
on the distribution of temperature in a cylinder, which was heated 
and then allowed to cool under certain conditions, Fourier obtained 
a particular case of a Bessel equation and gave its solution (zero 
order). Further analytical researches on the distribution of tempera¬ 
ture in spheres and cylinders were published by the French mathe¬ 
matician, S. D. Poisson, so well known to engineers for his ratio 

lateral strain , • x a -ji. i? 

a = — . Poisson s work was associated with func- 

longitudinal strain 

tions of the Bessel type. 

To sum up the situation: prior to 1824 various particular cases of 
a certain differential equation were investigated by mathematicians, 
but no attempt was made to deal with these equations in a general 
way, and the terminology ‘Bessel Functions’ did not exist. 


2. Bessel’s coefficients 


In 1824 F. W. Bessel investigated a problem associated with elliptic 
planetary motion. He found that an astronomical quantity, termed 
the 'eccentric anomaly’ 6, could be represented by an infinite series 


of the form 


6 = x+-4isinx+-42sm2x+... 


( 2 ) 


where 


X = (d—xsind). 


(3) 

(4) 


The coefficients were obtained by a process resembling that 

used in the Fourier analysis of steady alternating currents. In the 


latter case, if the 
sented by 


cosine terms can be omitted, the wave form is repre- 

<l>{d) = ^o+J[,sin0+J,2sin20+.... (5) 


Multiplying both sides by sinnd and integrating between the limits 
0 and 2Tr, we get 

■^n~^ j 8inn0 d9. (6) 

0 


In the expansion (2) it is found that 



cos nx dd. 


(7) 




1.2 HISTORICAL INTRODUCTIOIST 

Since x = 6—xBind, (7) can be written 


27T 

/* 


cos{w(0—'O; sin 0)} 

(8) 

0 

27r 


GO&{n0—zBm6)dd, 

(9) 


where z = nx. 

If we put InA^ == we obtain Bessel’s definition of the func¬ 
tions which bear his name, i.e. 


"zrc 

~ ^ J cos(%0— 2 sin 0 ) d6. 


( 10 ) 


;+;s+('-3)!/-o. 


( 11 ) 


By a certain analytical procedure it is possible to evolve from (10) the 
differential equation 

dz^ z dz 

where y = J^{z) and n is integral.f Alternatively it can be shown that 
is a solution of (11). This generic form is known as Bessel’s 
differential equation. The quantities InA.^^ == J^J^z) are termed 'Bessel 
coefficients’, but they are more frequently known as Bessel functions 
of the first kind of order n. 

Multiplying both sides of (11) by z^, we get the equation 


whose solution is identical with that of (11). Again, if we write z 

# _ i ^ anH — - ^"^y 

hdt’ 


dz 


or 


dt^ 


, so (12) becomes 




^* 2 / , 1 % I 

dfi'^t dt'^ 


{h^-t^y = 0. 


( 12 ) 

= kt, 

(13) 

(14) 


which is another form of Bessel’s equation. 


3. Comparison of Bessel and circular functions 

Equation (11) can be compared with the familiar equation for the 
potential difference E in an electrical circuit having inductance L, 
t When n is unrestricted the equation takes the same form as (11): see § 4, Chap. IV. 



4 BESSEL FUNCTIONS 1.3 

capacity C, and series resistance E (Fig. 1). The p.d. across the con¬ 
denser is given by ^ ^ = 0 (15) 

dt^LG ■ ^ ' 


Since (15) is an equation of the second order in JS, it has two inde¬ 
pendent solutions, that is, they are not proportional. If J? = 0, (15) 
degenerates to the simple form 


dt^'^LC 


= 0 , 


( 10 ) 


and the two solutions are Aiooscoty B^sincot, where A^, are arbi¬ 
trary constants, whilst = IjLC, 
The complete solution of (16) is, 
therefore, 

E = 

We may, if we please, define the 
two circular functions cos cot, sin cot, 
to be independent solutions of 

Fig. 1. Diagram of simple electrical equation (16). CoScot may be re- 
oscillatory circuit. The differential equa- t i i* x* i* . i 

tion is obtained from LDX+Ei = E, garded as a Circular function of the 

J?; substituting 1= -CDE therein g].g^ kind, whilst sinwi is One of 
(D = didt). 

the second kind. This reasoning 
can be applied to equation (11), so its solution is 

y = AM+B^Y^{z) = A^y^+B^y^, (18) 

where YJ^z) are Bessel functions of the first and second kinds, 
respectively, and n is an integer. Consequently we define a Bessel 
function of integral order n to be a solution of equation (11).f As 
shown above and in § 1, Chap. Ill, J>fiz) is associated with the coeffi¬ 
cients in a certain expansion, so that when n is integral (but not other¬ 
wise) JJ^z) can be regarded as either the solution of a differential 
equation or as a coefficient in an infinite series. 



4. . First solution of Bessel’s equation; functions of zero order 

As an illustration of the, method of solution, we shall choose the 
simple case where n in equation (11) is zero. The equation to be 
solved is then , 

dV , 1 % 




(19) 


t If the order is unrestricted the equation takes the same form as (11); see § 4, 
Chap, IV. 



1.4 FUNCTIONS OF ORDER ZERO 5 

To solve (19) we assume that y can be represented by an infinite 
power series of the form 

y = z^n^a^j^a^z+a^z^+a^z^+ ( 20 ) 

where m and the coefficients are to be determined. This 

series is to be substituted in (19), and the series obtained by adding 
the three sets of terms is to be equated to zero. Writing the algebra 
in suitable form, we have 


y = z^{aQ+a^z+a^z^+„.} 

1% 
z dz 


dz^ 


• +%(m+3)2:+a4(m+4)2:2+,..} 
z'^{aQ{m — 1 )mz'^^ +m (m +1 )z~'^ +a2 (m +1) (m+2) + 

+%(m+2)(m^-3)2:+a4(m+3)(m+4)2;^4••..}• 

If the sum of the three series is to vanish, the sum of the coefficients 
of like powers of z must also vanish. Equating coefficients to zero, we 
have = 0, ^(m+l)^ = 0,ao+a 2 (m+ 2 )^ = 0, a^+a^{'}7i+S)^ ~ 0, 
and so on. In the first case = 0, so either = 0 or m = 0. For 
the present, however, we shall not take either % or m to be zero, 
as the results obtained in this way will be useful later on. In the 
second case ^(m+l)- = 0, so % == 0 provided m ^ —I Similarly 
^3 == = ^ 7 ... = whilst 

= ao/(^^+2)^(m+4)2, 

= ~GJo/(^+2)2(^^^+4)^(w+6)2, 

and so on. Inserting the various coefficients in (20) and writing 
for y, we get 


Vx 


a^z^i^l 


' (wH^2y2+ (m-f 2)2(TO+4j2' 


(m+2)2(m+4)^(m+6)^ 


( 21 ) 


We have seen that if y is to satisfy (19) either or ni must be zero. 
Hence if we put m — 0 and Gq— 1 in (21) we obtain 


2/i 


J,{z) = jl- 


-(W+J-l?- 


(1-2)- 

■(3!) 




...) 


( 22 ) 
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_ 

(23) 


=i 

(24) 


This series which is absolutely convergent for all value» of z, wht^ther 
real or complex, is the first solution of (19), and is defined to Bcmsel ’h 

function of the first kind of order zero. It is denoted I)y *4(^) 
identical with (10) when n is zero. 


5. Second solution of equation (19) 

We have now to find a second solution of (19), which is linearly 
independent of y^. It must be a separate solution and the^ two solu¬ 
tions have to constitute a fundamental system. If the solutions are 
linearly dependent, yi = cy^ and, therefore, y{ ^ cj/g from which by 
eliminating owe obtain the Wronskian [93] determinant — 0, 

2 / 12 / 2 “- 2 / 22/1 = 9, where y' == dyjdz. If the solutions are to be linearly 
independent, cannot be constant, so the requisites condition is 
that W{y-^,y^] # 0. 

There are various forms of second solution, one of which (due to 
Neumann) can be found by an extension of the procedure used to 
determine the first solution. If the series in (21) is substitutecl in 
(19) we find that when = 1, 

which on differentiation with respect to m gives 

^ mz™-2(2H-OTlogz), (26) 

where p = dyjdm. 

It follows from (26) that p is a solution of the equation 

mz”«~*(2+mlogz). (26a) 


We can obtain p = dyjdm by differentiating (21) (remembering that 
yi is now y and = 1) since the appropriate conditions are satisfied 
for m ^ 0 (see Bromwich, Infinite Series). Thus 
dy ( ^^2 

dm 


/ «2 9 

.o'-.. 

I(m4-2)2 


_ .... ^ I 2 .-I 

()n-f- 2 ) 2 (m+ 4 ) 2 [(w+ 2 ) («i+ijj 


+ . 


( 27 ) 
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Now equation (19), whose second solution we require, is identical 
with (26 a) when m is zero. Consequently by putting m = 0 in (27) 
we obtain this solution. Thus 

(If 

(28) 

Since 2/1 = Jo(^)> follows that Neumann’s Bessel function of the 
second kind of zero order is 

Z/2 = X)(2) == + (1+RI) 

(29) 

= log2^o(2)— ^ ■*" 2 "^3"*"■■■?)■ 

Another second solution due to Weber is 

Vi = 5^0(3) = -{log(i-2)+yH(z)—|^ + 2"^3”^"7l’ 

(30) 

where Euler’s constantf y = 0*5772.... 

We have now to establish the complete solution of (19) in the form 
y .= the necessary condition being that yxy%—y^y\ does 

not vanish. This is seen to be satisfied by from ( 22 ) taken with 2/3 
from either (29 a) or (30). Thus the complete solution of (19) is either 

y==-AxJo{z)+B^Y,{z) (31) 

or ij = A 2 Jo{z)+B 2 'foi^). (32) 

From (29 a) and (30) we find that 

Yoi<^) = -{Yo( 2 )- (log 2-y)Jo(2)}, (33) 

TT 

so that (31) and (32) are identical provided the arbitrary constants 
are Bq = (2/7r)Bx A 2 = Aj^~{2l7T){log2—y)B^, where (log 2 —y) 
= 0*1159.... This must be so, for the solution to be unique. The 
second solution (30) due to Weber will be regarded as standard herein. 
Consequently the complete solution of equation (19) in standard 

form is y == AM+SxY,{z). (34) 

In dealing with numerical values it is immaterial whether Io( 2 j) or 
t See (8), Chap. IV. logg 2 ~ 0*6931.... . 
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Yo(z) is used, but it is preferable to bo consistent. A tabic of values 
of l^(z) is given on page 174; Yo(z) is not tabulated. 

6. Bessel functions of the third kind of order zero 

We have just seen that J^iz) and Y^{z) are independent solutions of 
equation (19). It is useful in certain practical applications to intro¬ 
duce the imaginary i. In certain cases the dependent variable y has 
two components whose phases differ by In. Accor<iingly, Nielson 
has defined Bessel functions of the third kind of order zero to bo 

= Jo(z)+iYo(z) (:} 5 ) 

Bi\z) == J,{z)-iY,(z). (35 a) 

The letter E is used after Hankel, the German mathematician, and 
the above are sometimes called Hankelian functions. //«*(z) and 
are both solutions of (19), and the complete solution with 
two arbitrary constants is 

y = A,H<‘^\z)+BrH<^\z), (35 b) 

where Ay and By are complex. 

From (35) and (35 a) by addition and subtraction wc obtain 

do(z) = (z)}; ro(z) = -ii{f/<>>(z)-/i(’')(z)}. (35 c) 

7. Graphical representation of Jq{z) and I(|)(z) 

The circular functions of the first and second kinds admit not only of 
geometrical interpretation but of graphical representation. Cosz is 
the base of a right-angled triangle in a circular quadrant divided by 
the radius, whilst it can be exhibited graphically by the well-known 
curve of period 2n. Although the two Bessel functions J^{z) and 
Y(,(z) cannot be interpreted geometrically, they can be represented 
by curves of slightly variable period. Using Table 1 we can plot the 
function J(,{z) as shown in curve 1, Fig. 2. It resembles a cosine curve 
with low damping. The curve commences with Jo(z) = 1 when z = 0 
and crosses the horizontal axis when z == 2-405, 6-52, 8-654, 11-792, 
14-931, 18-071, 21-212, 24-352 [77], and so on ad infinitum'f. The 
difference between consecutive values of z above 8-654 is approxi¬ 
mately 77, so the period of J^(z) is then nearly 277 . These values of z 
where J^iz) = 0 correspond to the zeros of the series in (22), and are 
the roots of Jq{z) = 0. 

t Since Mz) is an even function of J„(z) = ,Jo{-z), so s == -2-405, oto. ore also 
roots, i.e. the oui-ve is symmetrical about the Jf(z) axis. 
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Using Table 3 we can plot 1 ^( 2 ;) as shown in curve 2, Fig. 2.- At 
2 : = 0, 30 ( 2 :) is negatively infinite owing to the logarithmic term 
jQ(z)log iz in (30). Beyond z == 0-5 the curve is similar in t 3 rpe to that 
of The roots of 3^(2 j) = 0, where the curve crosses the axis of 

z, are approximately 0-894, 3-958, 7-086, 10-222, 13-361, 16-5, 19-641, 
and so on ad infinitum [93]. Above 10-222, the difference between 
1*0 
0*8 
0-6 
0*4 

0-2 

3 

0 

S-0*2 
>e 

-0'4 
- 0*6 
- 0*8 

l>0 20 3-0 4*0 5-0 6-0 7-0 80 

Values of z 

FiO. 2. Graphical representation of Bessel’s functions of the first and 
second kinds of zero order, is the second solution of (19) as 

defined by Weher. When z > 9 the period of each curve is approxi¬ 
mately 2rr. 

consecutive roots is almost tt, so the periods of both Y^(z) and Jq(z) 
are approximately 27r. 

8. Symmetrical vibrations of a stretched circular membrane 

Imagine a very thin piece of drum-skin, aluminium foil, or sheet 
rubber stretched uniformly over a circular frame. This is known as 
a membrane and it vibrates when tapped. If the radial tension is 
large enough, the vibration will be audible. In kettle-drums or tym¬ 
pana,]* the point of percussion, i.e. where it is hit, is near the edge and 
the shape of the membrane during vibration is more complicated than 
that which we intend to discuss here. Our analytical activities will 
be confined to vibrations where the shape of the membrane is sym¬ 
metrical about its polar axis. Thus the dynamic deformation surface 
is formed by rotating a certain curve about the polar axis. To illus- 

t There are various kinds of drum, e.g. kettle-drum of the copper cauldron type, 
regimental kettle-cirum, bass drum, snare drum with wire across a diameter, tom¬ 
tom, etxs. 

8837.8 
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trate Bessel’s function of order zero, namely (22), we proceed to deter¬ 
mine the shape of this curve when the membrane vibrates in vamo 
at a natural mode without inherent loss. In 3 a, let t and be 
the horizontal and vertical components of the tangential radial tension 
per cm. length, respectively, whilst f is the vertical displacement at 

radius x. Then we have so the total vertical 

T OX OX 

component of the tension on a circle of radius x is — 2^^^ -. 



li'iG. 3. (rt) Diagrams relating to vibrating mombrane. (6) Dynamic 
deformation curve of stretched circular membrane, devoid of inherent 
stiffness, vibrating freely in vacuo with one nodal circle. 

dynes. The net vertical force on the annulus of radial width dx is the 
difference between the vertical tension at P and Q, on the inner and 
outer edges of the ring. This is found by differentiating r«, thus 



so the net vertical force (elastic) is 

Since there is no applied force (the membrane vibrates freely) the 
sum of the elastic and inertia forces must be zero, so 


( 38 ) 
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0, (39) 

where is the mass per unit area of the membrane. If the motion 


or 


dx^ X dx X dfi 


is sinusoidal we can write ^ so 


dt^ 




Substituting this value of ~ in (39) we obtain 




dx^'x dx 

where k\ = p-^ co^jr. 

Writing z — k^x, we have 

di dz 


0 . 


(40) 


di 


dx dz dx ^^ dz 


and 


dx^ 


dHdz 
dx' 


k\ 


dH 

dz^' 


dP 

When these values of - 7 ^ and ; are substituted in (40) we obtain 
dx dx^ 


f|+i«+f = 0 , 

dz^ z dz 


(41) 


which is identical in form with (19). Consequently the solution of 


(41) is 


f == -diJo(2^)+JSiro(^). 


(42) 


9. Boundary conditions 

The next step in solving the problem of membranal vibrations is to 
determine the constants A-^ and To do so we make use of certain 
conditions associated with the practical side of the problem. At the 
centre of the membrane 2 : = /c^ a; == 0 and the vibrational amplitude 
is From a mathematical standpoint this is regarded as a ‘boundary 
condition’, although the centre is not a boundary in the ordinary 
meaning of the term. Inserting the condition sj = 0 , | in (42) 


we obtain 


co), 


(43) 


since Jo(0) — 1 and 7o(d) = —00 (see Tables or Fig, 2). Now ^0 is 
a small finite amplitude, so we conclude that = 0 and the second 
solution Yq{z) is inadmissible. Thus 0 which on inser¬ 

tion in (42) gives 

^ ^ ( 44 ) 

There is a second boundary condition to be introduced, since at 
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the clamping ring where x = a, InBcrting these Takes in (44) 

we get ^ follows that Mkj^a) = 0. 

Accordingly, in the absence of an external or applied driTing force, 
the necessary condition for vibration is that *4(^1 a) = 0, Moreover, 
the frequencies of the vibrational modes of the membrane correspond 
to the roots of Jo(^i == These have been given above as, approxi¬ 
mately, k^a = 2-405, 5*52, etc. If a = 10 cm. and the radial tension 
per cm. length at the clamped edge is v = 7 X 10* dynes, and the 
mass per unit area = lO^® gm., the fundamental frequency of the 

membrane, corresponding to = 2-405, is a>/27r = ^ ^ sjs 100^. 

Its shape during vibration at this frequency is given by J^ik^ x), where 
k^x^z varies from 0 to 2-405 as shown in curve 1, Fig. 2. Thus the 
curve Jq{z) from the origin to its j&rst zero is a semi-cross-section of 
the membrane by a plane containing the polar axis. The other half¬ 
section is identical (since Jq(z) is an even function of z and 

but it is situated to the left of the vertical axis. The next natural 
frequency is 100x5-52/2-405 == 230 and so on. The dynamic de¬ 
formation curve is now Jq{z) from z == ’—5-52 to +5-52 as shown in 
Fig. 3 b, there being a nodal circle at 2 = kj^x = 2*405. Its radius is, 
therefore, = 2'i05lk;]^ and in general = (value of nth mot/ki). 


10. Membrane driven by constant force f per unit area 

When the membrane is driven by a force uniformly distributed over 
its surface, as in the case of a condenser loud speaker [9, 83], the pre¬ 
ceding analysis requires to be modified. Equation (40) gives the 
natural vibrations of the membrane, whereas we have now to in¬ 
vestigate the motion when there is a steady sinusoidal driving force. 
Considering the forces in operation we have 

elastic+inertia = driving, 
and (38) now becomes 


-2nxx dx 


or 




(46) 


for harmonic motion. In accordance with the theory of linear differ¬ 
ential equations of the second order, the solution of (45) consists of 
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two parts, (a) the complementary function, (6) a particular integral. 
The former is obtained when f is zero, and as shown above it is 

boundary conditions in our case being 
such that Bi =s 0. To find a particular integral we write f == —f/if t, 
where f is independent of x. Thus d^jdx and dHjdx^ are both zero so 
JfcJ f ss and (45) is satisfied. Its complete solution is the sum of 
the complementary function and the particular integral, so 
^ = AxJ(^(lcxX)--tjk\x 

= AiJofJc-j^x) tjp-j^co^, (46) 

To find Ai we take the boundary condition f = 0 when x = a, this 
being the radius at the clamped edge of the membrane. Inserting 
these values in (46) we find that A^J^ik^^a) = or 

-^1 == tjpiCo^J^{ky^(i). (47) 

Substituting the value of A^ from (47) in (46), the amplitude of 
vibration of the membrane at a radius x is 


Pi^\^Qi{kia) ] 

Also the acceleration is ^ = 


Pi jo(^i ^) 
£ _ 2 




)■ 


(49) 


whilst the effective mass [83] per unit area, namely, 

f/^ = = —Pi ^(^1 ^)/K(^i ^) *^(^ 1 ^)]* (49 a) 

Since Joik^a) is constant, for given values of frequency and outer 
radius, the dynamic deformation curve is determined by 

{^0(^1 ^) *^(^1 ^)}* 


Now = •^(^) ^ plotted in Fig. 4, and from the ordinates we 

have to subtract J(^{k^a), Knowing the frequency of the driving force, 
also and t, we can calculate k^ = o)^{pJt) and thence k^a. In 
Fig. 4 the value of k^a is marked off on the horizontal axis, and a 
vertical line is drawn to meet the curve at P. A horizontal line PQ 
is drawn from P to meet the vertical axis. Then the shape of the 
membrane during vibration is given by the ordinates of the shaded 
portion of the curve, since they represent 

amplitude at R is zero, so there is a nodal circle whose radius is 
aQRjQP. The membrane is at rest at the outer clamping ring, which 
corresponds to position P. As shown in § 9, = 0 at a vibra¬ 

tional mode, i.e. a natural frequency. In Fig,' 4, J^ik^a) # 0, so we 
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see that nodal circles can be obtained on a driven membrane when the 
frequency does not correspond to that of a free vibration. The 
amplitude of vibration is, however, relatively small. At a vibrational 
mode we see from (48) that since Jo{k^(t) = 0, ^ is (sverywhere infinite 
(theoretically), except at the clamped edge, where it is zero. This is 
only to be expected, because the elastic and inertia forces neutralize 
each other over the surface, and by hypothesis there is luutlu'r 
sound radiation nor inherent mechanical loss. 



Fra. 4. Dynamic deformation curve of driven mombmno with one ntnial 
circle, the driving force being uniformly <lml.ril)utc(i over the Hurftico. 


11. Natural symmetrical vibrations of annular membrane 

To illustrate the use of the second solution of (19)^ namely, Yi){z), the 
case of an annular membrane clamped between an outer ring of radius 
a and an inner disk of radius h will be considered. An arrangcmu'iit 
resembling this occurs in the hornless moving-coil loud speaker [H3). 
The membrane will be assumed to vibrate freely without an ai>i)lie<l 
force, i.e. it is set in motion, at one of its modes, by an applied force 
which is removed after a suitable amplitude is attained. 

The dynamical condition at any radius between the inner and outer 
clamps is similar to that in § 8. Moreover, the analytical work is 
identical in both cases, apart from choice of the constants and 
Since the membrane is now clamped on two circles, the inner boundary 
condition differs from that of the circular membrane. We have ^ ^ 0 

when X = a and also when x ^ b. Inserting these values in (42) we 
obtain the condition for the natural vibrations to occur, namely: 

= 0; or AiJQ{kj^a)IBiYQ{kia) ^ (50) 

AxJo{hb)+Bj,Y^(k^b) ^ 0; or A^J^{k^b)/Bj^YShb) (51) 
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Equating (50) and (51) we find that 

^'ho frequencies of the vibrational modes of the annular membrane 
are found by solving (52) for k^. This has been treated in detail else¬ 
where and will not be given here [83], although an approximate 
method may be of interest. When and are large enough, we 
have from formulae (9) and (59) in the final list 

* JQ{kib)YQ{k-^a)—jQ{k-ia)YQ{k^b) oc sm(^;ia~|7r)cos(ifci6~:i7T)— 

—sin(fci 6 ~ |■7^)cos(fcl a— Jtt) 

oc sinii(a—5). (53) 

Now sinifci(a—6) = 0 when k^{a~b) = nn, and since k^ = cjylipilx) 
we obtain 

'P)/(«-5), (54) 

\Pi 

so the frequencies follow the sequence of the natural numbers. 


EXAMPLES 


^ Solve g+j|+i^i/ = 0. 


2. Solve z^J^z^+lHhj ^ 0. 

ly = Aii/o(fe)-i-Bi Fo(^^)’] 

^ - d'^v . 1 dv , 

3. t,olve^+-;jj + fc^« = a. 


4. Solve f| + i^+(F-i)^=0. 

dz^ z dz^ \ z^J dz 

ry = Aif/o(/; 2 )+i 5 iFo(^s)+( 7 i."l 

L D{Dhj^{llz)Dy-^By)=.i)J 

5. Show that (a) zjQ(z)-\-jQ(z)AzJ(i(z) = 0. 



(6) zY'i{z) + YQ(z)-i‘zYo(z) = 0. 

6. Solve ^ ™ -f ^^2 ^ 0. 

dz* z dz \ zV 


lx = {llz){AiJQ{kz)+Bj^YQ{kz)}. Substitute x = 


7 

7. (a) Verify that = —xJq(x). 

(b) Solve dhjjdt'^—d^e^'^Uj = 0. 


i's 1 d*‘X dx . j. 

9. >olve^^ + ^ + i.;=0. 


[y = AiJo(ad‘'^)+Bj^YQ{ae^^). 

Substitute x = ae'^.] 
Vo(^®)* Substitute 

. dO dddy .dd d^e ddi 

y = t^ then ^ = 5^ ^ 5? = 

[a: = J„(25)+Bir„(3i). 

Substitute y =■ and see ex. 8 above.] 
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10. Solve ^+16s‘y = 0. [y = AiJ^{,z'^)+BiY4z^). Substituted z*.} 

dz^ z dz 

11 . Solve (a) y" = 0. [2/ — 

^ SubBtitiite V z^^] 

( 6 ) 2 V,+eV*M = 0 . ^ z{AiJo(.6^l’‘)+BiYai6^l’>)}. 

Substitute u == yz^ then v = e'^KJ 

12. Solve f^+(^J)^+(l+^)u = 0. [M = 2-nA^o(*)+-Siy«(*)}- 

2 Idz \ z^l Substitute «== y 2 -»>.] 

13. Solve ^+f*“+AV = “ 2 i{. 4 i J'o()i:z)+i3i F„(*»)}. 

^ Substitute y - yzi.] 

14. Solve zh/'-^2zy'-{-(hH^ + l)y ~ 0. 

== z-^^iAiJaikzl+BiYQikz)}. Substitute y 

15. Solve ll+l = 0. [ 2 / - .4^ Jo(2fei)+B«F«(2fei). 

® “ Substitute y = zi.J 

This is Daniel Bernoulli’s equation for the motion of a heavy chain 
suspended vertically (see § 1 ). 

16. Find a solution of |4+i If—U =0. [f = J'(|(na!) 4 -Bi Ya{nz)). 

Substitute | =s= where y is a 
function of x, but not of 

17. By expanding and integrating term by term, show that 

2ir iitr ir 

(а) Jq{z) = 2^ J e^^^osQ dd ^ J cos(2:cos0) d 6 > = ~ J cos(2:cos0) dO. 

0 0 0 
iT^ 

( б ) J Jo( 2 cos 0 )cos^d^= 

0 

18. By expanding and integrating term by term, show that 

2 ir 2 w Itt 

j^(2:) = ^ J e»*8ia0c2^ ^ J = - J cos(»sind) d^. 

0 0 0 

19. By expanding and integrating term by term show that 


(а) Jo(zi) == ^ J ^ J 

0 0 
a 

(б) J dx = a~^, where z » A;asin<^. 

[Substitute x » a Bind.] 

20. Plot the following (a) y = from « = 0 to 4 

(6) y = Jo(^*) from » = 0 to 9 

(c) y = 2 ;Fo( 2 :) from 2 = 0 to 8 

(d) 2 / = J^{z) from 2 = 0 to — 8. 

In each case use the tabular values of the functions. 




I 


EXAMPLES 


17 


21. Show that = J'^{z) = - V (-. 

dz ^ V!(r+1)! 

r=0 

22 . Solve graphically (a) J„(2) = *; (6) =1; (c) Y„{z)+z = 0. 

[0*83 approx.; 1*46 approx.; 0*48 approx.J 

23. Draw the dynamic deformation curve of a circular membrane 10 cm. 

I’adius vibrating freely in vacuo, when there are two nodal circles and 
the central amplitude is 0*25 cm. Use suitable vertical and horizontal 
scales. 

24. If, at a vibrational mode, the amplitude of an annular membrane is fo 

a radius Xq, show that 

The inner and outer radii of the membrane are b and a, 

25. Taking a = 20 cm., 6 = 15 cm., ~ 0-2 cm. when == 18 cm. and 

k^ — O'2 in example 24, plot the dynamic deformation curve of the 
membrane. Make the amplitude scale several times actual size. 

26. If (a) yo(9*5) = 0*17121, find Yo(9*5). [0*24646.] 

(6 ) Yo( 5*4) = -0*53911, find ro(5*4). [-0*34017.] 

27. What is the least positive* value of z for which Yq(z) — Solve 

graphically. [z 0*73.] 

28. The solution of a Bessel equation is y = AiJq{z)-\-BiYq{z). 

(а) If 2/ = 5 when z — 1, and y == 1 when z — 10, find Ai and 

[Aj^ = 2*95, = 31.] 

(б) Find A 2 and if Yq{z) is replaced by \{z). 

IA 2 = 0*666, B 2 == 19*75.] 

29. The solution of Bessel’s equation at (19) on p. 4 is either y = Ai Jq{z)-{-B-^ Yq(z) 

or y — A 2 +B2 Yo( 2). Find A-^ and B^ in terms of A 2 and Bg. 

[. 4.1 = .42+B2(log2— y); B^ = ^7rB2.] 

30. One solution of a Bessel equation is p = .4i If p = 5(14*^) when 

z — 1, find the modulus and the phase of p when z = 10. What is the 
result if p = 

[p = 2;31, 6 = 565° 40' (205° 40');p = 2*31, 6 = —475° 40' (-115° 40').] 

31. IfP„(cos0) = 

limB^Jcos-) = Joiz). Pn is Legendre’s function of order n (see § 7, 
Chap. II). 

32. A condenser microphone diaphragm is a piece of aluminium alloy foil 

2'54 X 10~^ cm. thick stretched over a metal framework 4 cm. diameter. 
What must be the total radial tension if the fundamental frequency 
in vacuo is 6,000 and the density of the foil is 2*7 gm. cm.”®? 

[5*9 X 107 dynes = 1-33 x 10® lb.] 


3837.5 


D 





X 


IS BES3EL FUNCTIONS 

00 

33. Verify that 

r«0 

tion of 2/"+^!/'+!/—:^ = 0. 

Z TTZ 

34. Show that 

(a) Jo(z) = HH?’(a)+HS®(*)]; (6) TiC*) = --»?'(*)]! 

(c) Jg(*) -31(2) = 

(d) J§(z)+Il(«) = 

35. (a) Show that J e-’^x^’^dx = (2n)!/6*“+'. When a and 6 are real, use this 

0 '' 

00 

result to evaluate J e^^Jo{ax) dx. 

0 

? Fl r li r 

(b) Show that J e'^°^jQ(hz) J e'^ooBhz dz , and that J /o(^) 

Interpret the latter result geometrically. 

[ (a) Expand and integrate term by term. 1 / -^(a®+5®).] 

36. Show that J == n»/26’*+i: Use this result to verify that 

0 

| 2 e~««Vo(aa) dz = 

0 

37. The fundamental frequency of a stretched circular membrane of aluminium 

foil 20 cm. radius, is 317 in vacuo. Plot a curve showing the shape 
of the membrane when driven by a constant force of 20 dynes per aq. cm. 
at a frequency of 1,320 Its mass per imit area is 4x10“® gm. Also 
plot a curve showing the effective mass per unit area at various radii. 

38. The spatial distribution of sound due to a narrow annulus of radius a 

vibrating sinusoidally in an infinite rigid plane, and normally thereto, 

is given by p J^lkami^), where po is the density of air, the 

axial acceleration of annulus, r > lOo the distance from the centre to 
a point in space, ^ the angular distance of point from the axis, and 
,h =: a)/c, c being the velocity of sound 3-43 x 10^ cm. sec.“i Plot polar 
curves showing the sound distribution on one side of the plane at 100 rw 
and 4,000 if a — 10 cm. [83] This can be done graphically using 
Jq(z\ a sine curve from 0 to Jtt and vector radii from — Jtt to Itt. 

39. If Jifz) =: “ ““ 2 is> defined 

to be Bessel’s function of unit order, show that zJq(z) ‘^{zJx(z)), and 
thepee that sJj(s) = —Ji(z)+zJf^{z), 




I EXAMPLES 19 

40. In example 37 the nodal circles on the driven membrane correspond to 

the roots of == 0; calculate their radii. Use the curve 

of Jq(z) if desired. [See Fig. 4.] 

41. By differentiating Bessel’s equation (19) in § 4 show that 

(a)/"'(*)+= 

(&) p)«^o+^«^o = 0. [See example 5(a).] 

42. If Jq{2‘4) = 0*002608 and Jo(2*4) == —0*520185, show that a root of J^(z) 

occurs at 2 = 2*40483. 

[Use the first two terms of Taylor’s theorem, viz./(a:4-^) 

when h 1.] 

43. If Jo( 24*^) = 0 and /i 1, show that = 0. 

[See examples 5 (a) and 42.] 



II 

FOTCTIONS OJ HIGHER ORDERS 


1. Functions of integral order n 

When n is integralj'f we have already defined a Bessel function of 
order w to be a solution of the equation 




n- 


y = 0. 


( 1 ) 


dz^ ‘ z dz 

The first solution of (1) obtained by an algebraic process similar to 
that used in Chapter I when n is zero, is found to be 

, .. _ 

•> [ l!(n+l)^2!(wH-l)(»+2) 3!(n+l)(n+2)(n-l-3)^ j 

If we make a„ = -- the result is identical with Bessel’s function as 
2”nl 


defined by (10), Chap. I. Thus 

2/1 = «4(z) 

3^ 4. _ 

l!(w+l)"'"2!(w+l)(«+2) 3!(n-fl)(«+2)(n-f3) 

fl (izr (Iz)*_(|z)« 

I I i OM ‘ 


= (izy 


or 


n! 1!(w+ 1)!'^2!(»+2)! SRw-f 
J(z) = V (~1Y 


( 2 ) 
(2 a) 

( 3 ) 


r~0 


In Chapter IV, where the gamma or factorial function is intro¬ 
duced, it is shown thatj 

J_,(z) = (-l)»J,{z). (4) 

We also see from (3) that 


Jni-Z) = (-^yJniz), SO «I„{-2) = J-,i(z). (4a) 

By virtue of (4), J-n(z)jJ.„{z) is constant for a given value of n. 
Moreover, in accordance with § 5, Chap. I, J^„{z) cannot bo a second 
solution of (1), so <4(z) and JL„(z) do not constitute a fundamental 
system. 

The second solution can be found by a method similar to that used 
when n is zero. As in that case, various forms have been proposed for 
this solution, and of those we shall use Weber’s, which is denoted by 


t In this book n and m will be used to signify integral orders, 
t Also example 25 at end of Chapter III. 
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Y^(z). We have 


= y» _ 2{^+i<,g(WK(»)-i § 

r=0 * ' ' 

1 Vl+i+ I ^ 1 



Fig. 5. Isometric plotting of t/„(s). 


When r is zero the last bi-acket is |l+^ + ^+“*+~y 

3^(s) and yL,t(^) do not constitute a fundamental system of solu- 
tions since Y_„(z) = {-irY„(z). (6) 

Thus the complete solution of equation (1) in standard form is 

y = AM+BM- ( 7 ) 

If desired, Y„(z) can be replaced by Y„(s) as in Chapter I when n was 
zero. The relationship between these two second solutions can be 
obtained from (33), Chapter I, by changing the order to n. 
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The function J,^{z) is shown in isometric projection in Fig. 5, the 
three axes being used for JJz), z, and n, respectively. Individual 
curves represent J^iz) for certain values of n from 0 to S at intervals 
of This form of projection is best done on isometric graph paper. 
It is then easy to insert the curves JJz) where n is variable and z 
constant. The addition of the latter curves makes the diagram rather 
complicated, so they have been omitted from Fig. 5. Since the series 
for J,^(z) contains the factor l/(2«n.!), the value of the function near 
the origin diminishes rapidly with increase in n. This is shown clearly 
on the right-hand side of the diagram. 


2. Bessel functions of order v 

When n in equation (1) is unrestricted, i.e. it can be any real or com¬ 
plex number, we shall write v in place of n. Although the values of 
V considered throughout the book are real, the majority of the formu¬ 
lae are valid when it is complex. The complete solution of 


dz^ ' z dz 


is found to be 




y = 0 


y = A^J„{z)-{-ByY„{z), 
where <7„(z) is defined by (16), Chap. IVf and 

cosvttJ,(z)—J_„{z) 


Y^z) 


SinVTT 


(H) 

(9) 

( 10 ) 


It can be shown that J^{z) and Y^{z) are linearly independent solu¬ 
tions, thereby constituting a fundamental system. If in (10) v is 
integral, Y^(z) is the limiting value of a fraction. For example, 
let I'-^l, then cosvtt-^— 1, sinvTr-^O, J^(z )[^ince 
= (— 1 )^^^( 2 :)], so both the numerator and the denominator 
of (10) tend to zero. The fraction as a limit represents Yi(z) when 
V == 1. The value of Y^(z) is found by differentiating the numerator 
and denominator of (10) and taking the value when v n-. 

When V is fractional sin vtt is not evanescent, so using (10), (9) can be 
written in the form 

y = ^2‘^y(^2)+^|^^{c0SV7r J,,(2)~ (11) 

Since sinw and cosvtt are fixed for a definite order v, we can writeJ 
y = A:,J^(z)+B^J^^(z) (11a) 

t The definition is not given here because the gamma function has not been 
treated yet. + ^ (—unless v = n an integer. 
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as the solution of (8) when v is non-integral. In (11 a) 

= ^ 2 ~ 1~-^2 

whilst == —B 2 COBeovTr. 

If (8) is solved by assuming that y can be represented by a power- 
series of the form given in (20), Chap. I, we obtain for the indicial 
equation = 0, and since 0, m == ±v. By giving m the 

values +v and —v we obtain two linearly independent solutions pro¬ 
vided V is not integral. The solutions in question are Jy{z) and 
as in (11 a). 

Since J^{z) emd Y^{z) are both solutions of (8) for any value of r, it 
follows that the functions of the third kind, namely, 

^ J,{z)+iY,{z) and == J,{z)-^iY,{z) 

are also solutions. 

The second solution of (8) has been defined in different ways by 
different mathematicians, although all the solutions are related to each 
other. To avoid ambiguity Weber’s second solution Y^{z) as defined 
in (10) will be regarded as standard in this book. Its relationship to 
Neumann’s second solution is given by 

Y,(^) = ^nY,{z)+{log (12) 

To recapitulate: Various forms of complete solution of equation 



always, 

(13) 

y = 

n integral, 

(14) 

y = J'-v(z) 

V non-integral,f 

(15) 


always, 

(16) 

y = A^H<i'>{z)+B^H<i?{z) 

n integral. 

(17) 


Any of these formulae can be used (except that (14) and (17) are 
limited to integral orders) in any case, whilst Weber’s Y{z) can be 
replaced by Neumann’s Y( 2 ;). The values of the arbitrary constants 
Ai, for a given set of boundary conditions will depend upon the 
formula used. In any particular case the most suitable formula will 
be that which enables and B^ to be determined most easily. The 
numerical results using tabular values will be the same in all cases. 

When the differential equation takes the form 


, 1 # 
dz^ zdz 



■f Under this condition (16) is frequently used in preference to (13). 
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by writing x = kz, we obtain 


^ — 7-^ 
dz “ V-a: 


and 


dz^ 


" rfx'“’ 


The equation then becomes 
dh) 


, , 1 ^7 
dz^ X dz 




of which the solution is 


y = AiJ^{x)-^BiY^{x) ^ .4i.7;,(fc)-|-/7iy;(/r). (17a) 

The solution may, of course, be written in any of tlu^ forms {J4) to 
(17) where the argument is now hz. 

Solution (16) is useful when the dependent variable is a |)liysit*al 
quantity having two components whose phases dilfei* by \it. h'or in¬ 
stance, the sound pressure in a loud-speaker horn has two com[>onents. 
The resistive or load component is in phase with the v(‘Io(aty of tli(‘ 
air particles, whilst the inertia or wattless component is in (piad- 
rature therewith, as illustrated in Fig. 6 . 


3. Recurrence formulae for /^(z) and Y.j^{z) 

Using the series in (3), differentiating it and in ultipljnng by ; 3 , we o litain 


= «j„(2)+2y (-i)'- -^1 

^ (r-l)!(MHr)! 

If in the second term we rephaco r by r-|- 1 , we get 

^ ^ rl,V«l2r|l 

Thus we have the recurrence formula 


zJ.,^(z) nJ^{z) 24 ,.(,( 2 ). 

By putting m = 0, in (19) we find that 

which is an identity of great utility. 

In like manner it can be proved that 

Adding (19) and ( 21 ) and dividing throughout by 2 , we get 


(18) 


(19) 

( 20 ) 


( 21 ) 


(22) 
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Subtracting (19) and (21), we have 

—'4(«) = Jn+l{z)+Jn-i{z). (23) 

Further, |{r-V.(r)) = 

Thus ~ ~ = — 2 -V„+j,(s) from (19). 


'^;,(2)} — —Z or 2“”./„(z) = 


•4r+l(2) 


Also ^^{zV„(3)} __ 2«7„_,(2), or z«,7„(z) = J _^(^) (25^ 

j;(^) ha.s been defined as|.4(.). so if . = ky we must have 

and J^4(^y) = kJ'^{Jcy). 




sound' iJSuloT-Tlir thTfoZ“'\^*- quadrature. The 

‘ <^ontnbute anything to the power so it is the 

of the third kTn'd.”'"’*' ‘^“Sram illustratin| Besk functions 


- |H<»(Z)| =, V{.7?(t)+ rj{*)}, e ^ tan-> 

7.5 


E 
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The recurrence formulae for identical in 

form with those given in (19) to (25). It can be shown that all these 
relationships are valid when the order is unrestricted, i.e. v is written 
for n. Such formulae are of great utility, not only in practical 
applications of Bessel functions, but in calculating the numerical 
values of these functions. 


4. Example 

Solve 

Substitute 


dz^^zdz^ 




^=.,2 and ^ = 

dz dv dz dv 


d^y 

dz^ 


dzy dv) I dv'^ dz dv] ~ dv- dv 
Substituting from (20) and (27) in the original equation, we get 


( 20 ) 

(27) 


or 


d^y,\^, 

dv^ ^ V dv~^ 


(.-S),, = 0, 


(28) 


The solution of (28) is 

y = A,JM+B^Y,Xv), 

and, since v = we have 

y ^ + (29) 

5. Example 

The differential equation of a freely vibrating circular membram^ for 
both the symmetrical and radial modes,f is 


4.i ^ 0 

dx^ X dx 


(30) 


Substituting ^ = y sinw^e^'^^, where y is a function of x alone, we iiave 

^ ^ sin rnd ^ ^ ^ sin rtiO 

Ox dx dx^ dx^ 


02^ 

002 


sin 




o^X 


(fit. 

t It will be seen that when there are no radial modes, i.e. 0, (:iO) takibs tho 

fonn of (39), Chap, I, w’here l)^ r/p^. 
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Inserting these values in (30) we obtain 


'd\ 

dx^ 


+ 


I 

X dx 




sin mO = 0, 


where /u';, ~ Accordingly the equation to be solved 


(31) 


dx^ 



As shown below, the only admissible solution of (32), is 
Since | ^ ysinm0c“*^^, wc have 


(32) 


(33) 


^ (34) 

where m ■— 0 , 1 , 2,.... It will be seen that a solution can be found if 
sinm^ is replaced by cosmd, so ^ cos m6J^(k,nX) is also a 

solution of (30). When these solutions are combined we obtain 


^ = {A,,,Bin7n6+B,,,cos7nd)^^‘^^^^^^^ = G,^coB{7ne-€)e^<^^Jjk^x), 

wlierc C,,, = ^{Al+BD and e = Un-^AJB^. 

The solution of (32) involving Yj^^(k^^^x) is inadmissible since it 
would make tlie amplitude f infinite at the centre of the membrane 
wlierc a: = 0. At the clamped edge of the membrane x = a and 
I == 0, so that from (34) wc see that = 0 is a condition which 

must always be fulfilled, as in § 9, Chap. I, where only the sym¬ 
metrical vibrations arc in question. Thus the permissible values of 
k,„a correspond to the roots of = 0, and from these the 

(‘oiTC'spond'mg values of = bk,^^ can be found. The physical in- 
tei'pretation of the solution at (34) is that the membrane vibrates 
sinusoidally as regards time at a frequency a>,^,/27r, the amplitude at 
any radius x being ^ == A^^^sin7n6J^^,(Ki^)- Starting at the radius 
0 0 , the membrane is at rest, a condition which holds when 

jyid = mr, where n is an integer. This means that there are 2m radii 
which arc nodal. (Choosing a value 0 = 7r/2m, the amplitude is 
i A and varies with x according to the value of the 

Bessel function as in § 9, Chap. I. Consequently, upon a system of 
nodal circles is superposed a system of nodal radii, but there are 
frequencies at which the two nodal systems occur independently. 
The radial system is illustrated in Fig. 7. 
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Fig. 7. Illustrating circ\ilar membrane vibrating freely ui vanio 
with two nodal diameters. On either side of a nodal line the luern- 
brane moves in antiphase as indicated by the signs j and 


6. Cylinder functions or cylindrical harmonics 

If in (30) we write r, and z for i, z, and ty respectivc-ily, and |)ui 
6“ = —“I, the equation becomes 

18<l> I 

^2 + 7 ^ + -2 - 0 - (.!.») 

This is a well-known equation for <f}y the.velocity potential, due to a 
circular cylinder moving slowly in a fluid. The coordinates r, 9, z arc 
cylindrical polars. Equation (35) was first given by Laplace. Since 
the Bessel function Jjjcr) is included in the solution of (35), it is 
known on the Continent as a 'cylindrical harmonic’ or as a 'cylinder 
function’. Following Sonine, the general cylinder function, denoted 
by the letter (£, is defined to be one which satisfies both of the recur¬ 
rence formulae 

+ = ?-(S,(2), (36) 

z 

G,-i{z)-G^+i(2) = (37) 

By adding and subtracting (36) and (37) two additional recurrence 
formulae are obtained, these also being satisfied by cylind(,w functions 
(see final list of formulae, p. 162). It has already been stated tha.t 
J^{z) satisfies relationships of the form given by (36) and (37). (Since 
i;(z), Y„( 2 ), and //<^>(z) satisfy (36) and (37), they also can be 

regarded as cylinder functions. 

7. Surface zonal (spherical) harmonics 

The differential equation of zonal spherical harmonics occurs in the 
theory of the propagation of sound in a fluid. Since it is of funda¬ 
mental importance 4n Acoustical Engineering [83], the solution is 




11. 7 


29 


FUNCTIONS OF HIGHER ORDERS 
given in full. The equation is 


dr'^ 


+ 2r^+fcVV+ 


1 d 
sin^ dS 



= 0 . 


(38) 


<f> is the velocity potential (this being a measure of the sound-pressure 
at a given frequency) at any point in the fluid distant r from the centre 
of a vibrating spherical surface, k = a)lc = 2tt/X is the distance 
phase constant which appears in the phase factor whilst c is the 
velocity of sound of wave-length A, and 0 is the angular distance of 



Fig. 8 . (a) Illustrating spherical harmonic analysis. 
(6) Illustrating the surface zonal harmonic F 2 (g). 
(r) The surface zonal harmonics Ri(g)i. and 
on a linear base. In (6) the phase of the motion is 
opposite on either side of a nodal circle. 


a point, on the spherical surface from the pole as shown in Fig. 8. 
Equation (38) is applicable when the dynamic deformation curve [S3j 
of the sphere is symmetrical about the polar axis ZOZ'. 

To solve (38) let ^ where f is a function of d alone and y is 

a function of r alone. Substituting this value of in (38) and dividing 
throughout by fy, we obtain 


y dr^ X dr 


1 d 
^sin ~6 dd 



(39) 


Now the three terms on the left in (39) are independent of 9, and since 
the two sides of the equation are the right-hand 
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side is also independent of d, i.e. it is constant. H(micc 




a 


or 


^sind d6\ 

dS^' sin 6 dS 


Substituting /x — cos 9, we get 

dO dfi dO' 


-siiiO 


di 


dfi 


and 


do" 


!L 7 

(■ 10 ) 

( 11 ) 

(42) 

(t:!) 


d/jL" dfi 

Substituting in (41) from (42), (43), writingsin-^^ 12c<)Hd 2/x 

and C'l = 7i(rH-l)5 we liave 




Assume 
Then 

n(K+l)| = n('rt+l)/i’''{ff„ ffiK'* 


(41) 

(4r>) 


“ l-agit 


— 2/x—=: —2n"’{iiiag + (w—l)w,;u-i 4-(w' —-)''2/'- “ I' 
^-2= 7M(W-l)f/„/4 --f-...} 


.^2 = —^"'{Ht(W—I)rt„+(JM—1)(W.—2)ff,/4-l + 

^ -f-(m-2)(w,-:5)r/./4-’-.l ...} 

Equating coefficients of to zero, wo get, since Uj, / 0, 
m (?//. — 1) d- 2 ?/a ~ J) ~ 0, 

this being the indicial equation from which the valiu' of ih is o{)t.ained. 
Thus (?a—70(m+?^+l) = 0, so vi === n or --(7i+ I). Taking th(‘ (‘aso 
where m =:: n, wc find on equating coefficients of like j)owers of /x to 
zero, that 

(X^ = (Xg... == Oj ^2 = 

and so on. 

Thus the first solution of (44) is 


2(2n-l) ®’ * 2.4(2>t-l)(2/4-3) 


„_2, 1 

2(2^-!)'^ ^ 2.4 (2»— l)(2re-3) ^ /' 


(46) 
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if. n - ' f 4.1. 


If ill (46) wo ])ut ^ -^ we obtain the first Legendre 

function of order n, namely. 

Thus is a solution of (44) and the latter is known as Legendre’s 
equation. If in (47) n is half a positive odd integer, some of the coeffi¬ 
cients become infinite, so the first solution no longer exists. In 
|)racticai woi*k n is usually a positive integer, so (47) is then always 
a solution of (44), tliere being a limitation of /x in the present case to 
the range 1 to +1, since /x = cos^ in (41). 


Table A 

Legendre polynomials {functions of the first kind) 

Rolynoinials of higher orders can be 
found eitlior from (47) or from the 
recurronco formula 

1^/i h iW 

(n = 1, 2, 3,...). 
In finding polynomials of orders 
higher than those given in the table 
the relationships i^^{ — 1 ) = ( — 1 )’S 
1 ^( 1 ) == 1 may be useful. 

The series representing the second solution of (44), viz., Qfifi), is 
obtained by putting m = — (m+I). It is divergent within the range 
— 1 to +1 and is therefore inadmissible as a solution of (41). When 
n is a positive integer the series (47) terminates and we obtain the 
Legendre polynomials. Putting n — 0 , 1 , 2 , etc. in (47) we get the 
expressions given in Table A. The polynomials are also the coeffi¬ 
cients of coixesponding powers of 2 in the expansion of {1 — {2pz—z^)]~^, 
where p = cosd and (2/xZ'~-z') < 1 . Lfiy) is known as a zonal 
surface harmonic of order If we consider the harmonic of unit 
order, i.e. Pfi/n) = fi, its value is ±1 when 6 = 0 or tt, whilst it is 
zero when 0 Itt. Thus if we imagine the surface of the sphere to 
pulsate sinusoidally with radial velocity u ~ /xcosoj^ = Pfiy)cosojt, 
there is a nodal circle at the equator. Hence the sphere is divided 
into two equal zones. Similarly, if the radial velocity is 
U = h(3}Ji^—l)cOSojt = Po(/x)cOSa>^, 


— 1 y^Qro 

Piifi) “ fi Unit 

|{3/x‘-™l) Secoxid 

PAp-) -- MV- 3 ,,) Third 

PAfx) ' -'3(V-1“3) Fourth 

PAfi) ■ 15g) Fifth 
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there are two nodal circles, symmetrically situated on each side of 
the equator, at /x = cosd = ±1/V3, so the sphere is now divided into 
three zones. In general, therefore, there ai e n nodal circles and (a h 1) 
zones corresponding to the Legendre polynomial of order a, and owing 
to this property of dividing the sphere into zones or btdts, thcise f)oly- 
nomials were called surface zonal harmonics by Tlioinson and ’'rait.f 
Returning to equation (39), since the right-hand side is e(|uai to 


Cj, we have 


dr dr 




From (44), Cj = so 

T dr 




0. 


On substituting y = r^H, (48) takes the form 


dH 1 dv r 

dr^r dr^ 


F- 


(n+i)^ 


0 , 


of which the solution is 


or X = r-h = ^Mi/„+j(A;r)+J5i./_„_3(/>T)}. 

Thus = ix — + 


(48) 


(49) 

(50) 


This form of the solution is unsuitable for practical r(*quirenumts so 
we proceed to find an alternative one. Equation (48) can Ixi writttni 


^4_ 

dr^ 



( 51 ) 


where y = rx and 1). It is desirable to find one solution 

of (51) in the form We~", where IT is a terminating series or poly- 
nomial and z == ikr. Putting y = lTe~^, we obtain 



so from (51) we have 

dW_^dW mW _ ^ 
dz^ dz F 


(52) 


t Natural Philosophy, 1879. 
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If we assume 
adopt the sam 

that W = a,J„{z) = a^-{-aj^z-^+a^z-^+a^z-^+.. 
le procedure as before, we ultimately find that 

. and 

Jni^) = 

fl.i 1 (w— l)re(w+l)(w+2)__5, ) 

1 2 ~ 2.4 

(53) 

Thus 

rx = I'Fe-= = aae-‘’«-f^(i}cr); 


so 

X 

II 

o 


and 

p-ikr 

iX = ^ f,Mr)P,^{lx), 

(54) 


a. form of solution which is of considerable use in acoustical problems 
[83j, since/„(?7 »t) is a terminating series when is a positive integer, 
whilst is the distance phase factor. (For second solution see [83].) 

In (54) if we give n the values 0,1, 2, 3,..., the corresponding values 
of ^ 0 , each separate solutions of (38). Thus we obtain 

00 p-ikr 

= + + ( 56 ) 

During vibration the spherical surface can have any dynamic de¬ 
formation shape we please, provided it is symmetrical about the 
polar axis. The radial or normal velocity of the surface {u) will be a 
function of 9 (Fig. 8), and therefore oi fi = cos^. The problem is now 
to determine the coefficients Q,, so that the velocity potential at a 
point distant r from the centre of the sphere is a function of ii. 

By definition, the velocity of the air particles vibrating normally to 

a concentric spherical surface of radius r [83], is — ™ . At the surface 

of the vibrator r a, so from (55) its radial velocity is 

[ d 

If we assume that the radial velocity can be written 

oo 

u = = ( 57 ) 

n = 0 

where = A,, i^,(/x), it is possible to find A^, Multiplying both sides 
of (57) by Pjyiii) and integrating over the entire sphere (since u applies 

3837.5 y 
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to the whole surface), the limits are /i = +1 to — 1, i.e. 0 0 to tt 

(Fig. 8). Thus (see MacRobert, Spherical Harmonicti) 

+ 1 +1 

J uP,,{p) dp = j A„ P'i(p) dfx. = A„/(n+ h), 

-1 -1 

the other terms' vanishing between the limits of integration. Conso- 

“f" 1 

quently = (^+|) J integral can be evaluated 

when u is known. It will be seen that this procedure of expressing 
^ as a zonal harmonic expansion is akin to resolving an alternating 
current wave form into a Fourier series. Just as the action of each 
component of the Fourier series can be considered sof)arately, so 
also can each spherical harmonic. There is the fundamental difference 
that in the Fourier case the harmonics relate to different frequeiKues, 
whereas in the case of spherical harmonics the question of individual 
frequencies does not enter. Since the amplitude of the spherical 
surface is proportional to u, it follows that if the spherical harmonics 
are added, the resulting curve illustrates the deformation of the 
surface during vibration. That due to the second harmonic alone is 
shown in Fig. 8 b. 

Since (56) and (57) are equal, so also arc the corresponding coeffi- 

fi~ika ffZpika 

dents of Thusd„ =so == Sub¬ 

stituting this value of in (55), we obtain 

^ r '2 Fjj-ka)-- 


e-^k(T-a) ” u j„{ikr ) 

r -?„(»■*«) ’ 


(58) 


where is the component of the radial velocity of the sphere due to 
the 7^th spherical harmonic, and fn{'^^r)ji\{ika) is a correction factor 
dependent upon the frequency and the distance from tlic sphere. At 
the surface r = a, so from (58) the velocity potential there is 




y'nfniiha) 

F„{ika) 


(59) 


Owing to fj^{ika)IF,^{ika), the velocity potential has two components, 
one in phase with the radial velocity and the other in quadrature 
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therewith. The sound pressure p = = ip^oy^y for sinusoidal 

ct 

motion, and it also has two components in quadrature. That in 
phase with the radial velocity is associated with sound radiation, 
whilst that in quadrature entails an inertia component due to the 
reciprocating flow of fluid in the neighbourhood of the sphere. For 
practical applications in Acoustical Engineering reference can be 
made to [83]. 

EXAMPLES 


1 . Plot Jj{z) from s — — 4 to -f-4 using Table 2 . What is the period approxi¬ 

mately ? 

2 . Plot Fi(z) from 2 : = 0 to 8 using Table 4. What is the approximate period 

of the curve ? 

3. Plot and J^{z) from 2 : — —4 to +4 using Table 5. What are 

the approximate periods of these curves ? 

4 . Using one of the recurrence formulae and the tables, plot J{(z^). 

5 . Solve 2zJi(z) = Ji(z) graphically, when 2 : lies between 1 and 10. 

6 . Show that the maximum and minimum values of J^(z) occur when 

Ji(z) = 0. 

7 . Plot Jq(z) from 2 : = 0 to 16, and from the curve find the first four roots of 

Ji(z) = 0 approximately. 7*02; 10-2; 13-3.] 

8 . Show that the maximum and minimum values of Jp^z) occur when 

9. Establish the following relationships by aid of recurrence formulae: 

/ V T / TA/_\ Jo(2) _ T r* 


(a) ^2(2) = JJ(2)- 


(b) %J'i(z) = JJ,z)-J^(z); 


2 ( 2 ) 1 do(2). /j> _ 2_ 


J^(2)’ ' ' Jr(z) 2 JM ' 
(/) 2J«2)J2(2) = 

10. Show that (a) 2(£:;(2) = 2(£„_i(2)-nCS:„(2); 

(6) 2<E;(2) = nCE:„(2)-2e„+i(z); 

4 ng„(2)g;(2 ) ^ 


. (e-S . 

Jdz)’ ' ’ jl(z) 2 VJ(2)’ 


(d) Yi{z) — — Fi( 2 ), by differentiating the series for yo( 2 ). 

11. Show that (a) 2 fl'«>'( 2 ) = 2 H«li(z)—nH<J>( 2 ); 

(5) 2 H®'( 2 ) = nH'i\z)-zH'iUz)., 

12 . If E^(z) Jl(z), prove that E^(z) satisfies the recurrence formula 

[Use (22) and (23), also see example 10 (c).] 
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13. Prove that -^{logJ’.J,( 2 )'J= 2.7„(2)-|-'/,i.i2(2)|/iL>^,i - 1 ( 2 ) ■'>7,, 11 ( 2 )! . 

dz 

14. If d is any zero of J^z) and h <^\, show that — Ji(d). 

[lJs(* Taylor’s tIuiort*ni.] 


15. Show that (a) 0) hm ^--co. ( 0 ) I’l ovo that 

g„>.() 2 '* aj f 11 2 ; .-^0 

the limit (s—>oo) of the bracketed series in (2), § I is zero, and iluau'e 
that when z is finite lim. 4 ( 2 ) ~ 0. 

7i~yao 

[Use the exponential series e"-8/i(/j.i i) j^jid treat as an incHtuality.] 


16. If 6 is any zero of Jij(s), show that 

(a) Jn-iiO) = -- 0; (c) ,K{0) . ; 

(d) J'n~x(0nJn(Q) 0; (e) “I-/,,, 


17. Plot y = Jq(z) from z = 0 to 2*405 using Tables 1. Plot thc^ |>arabolic eurv<^ 
y = 1—az“ which meets the axes at y j, r~ 2-4()5. Show that t la^ 


maximum difference between the ordinates of th(‘ eurvt's occurs when 
z 


: 0*346. 


18. The solution of a Bessel equation is ii -- /l^ + ^"n('-)* VVlien z ■ - u, 

u == Ut and when z = 6, ^ — 0. Find 


19. In a problem pertaining to frequency modulation in radio t(‘k‘f)hony f 29), 
the coefficients are found from the recurrence formula 

Show that if a><^ coq* <^n — 


20. In a certain electrical network the currents in the nth, (n ] ])th and 
(n-l-2)th sections are connected by the relationship (IHj 

2 [Y^+l ZJ(^-{-Vo)f 914.1 —Zrt. — -f714-2 ™ 

where 1 is the current and vq an impedance ratio. Xi , ^ is the adinit-tanco 
of the (n+l)th shunt section (see Fig. 17), whilst is th(^ serks im¬ 
pedance of the section corresponding to n == J. Find a formula (ton- 
taining two arbitrary constants, for the current in the (n-f l)th section. 

[4+1 = ^1 •7„+^.(*")+7A or 

4+1 = where w -= l/(Y„^,.iZ,).] 


21. Show that 

_ m(a:-f ^+2) 
2 ” 




This is associated with a problem in submarine cable work. See § 5, 
Chap, VII. 
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22 («) llii' values ol ■/,|( 2 ) and Ji{z) lor 2 = 10 aro, respectively, —0-2459358 
and 0-04.$4727. I'ind ./„(10), .^^(lO), and ./((lO) -without the aid of the 

[0-254630; 0-058379; -0-219603.] 
(h) d'hi' valu.-,s of V',(2) and y„(s) for z = 12 aro -0-0570992 and 
■0-22,52373, resfiectively. Find K(12), 13(12), ¥^(12), and I’8(12) 
wit hout l.ho a.i<l of t ahlo.s. 

[0-21.57208; 0-1290061; -0-1512177; 0-2614047.] 


, (ihi \ <In /, 1 \ 

23. Sol VO I - — J 0. 

(P(f> I (/f/> / j/" \ 

24. Solve,,/ I I 5 ( 1 -0. 


[« = A,M2z)+B,Y„(2z).:\ 


25. SolVI 

2G. Solve 


[</> ~ when 

V /i lui urf/j> non-integral.] 


fp/i 1 t/n 

.. 1 ..,, . 1 ‘Oi 


0. 

(U- ' / ' ' 

■h- 

!(=:;!)' 


0. 


y A^J,^(kz)-{-B^Y,^(kz), v^n 
an int(‘gor, or y A^J^{kz) YB^J_^{kz), v non-integral.] 

27. VVrit(‘ down a. diflorontia! o<juation ont^ of whose solutions is y ~ Jq(z). 






0. for y. 


L/z 


29 


4,,;d-) | Bi r„(z); y J [d, J„( 2 )+B,i;(z)] dz+C^.] 

1^7/ z|d, ,/,(z) l- w, l’',(z)]-|-C,. Put r.<j> and solve for ,^.] 


30. Show' tluU- th(‘ e(juation 

d-.'/ , I *y 
z 7 /,r 


('-S' 


?/ - 0 . 


(uui bo written in the form 



wlu'ro m -- yzK 

31. ’’riu* solution of th(‘ <Mjuation in example 30 is 

y A,JJz) l-B,r„(z) - d3./„(z) + B3Y„(z). 
Show that A, dj-] /4(log2—y) and B^ ^ lirB^. 


32. Solve -I (2l7'-'i'osh2z —v^)2/ •= 0, whi'ii z > 2. 

[:'/ d,.4(25coahz)-|-B,l';„(26eoshz) when n = n an Integer; 

y . yli.4(26coshz)+Bid_d26coshz) when v is non-integral. 
Take 2eoah2z - when z > 2, and put -- iV-'.] 
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33. Solve = 0. [i/ AiJ„(ae*~)-\-BiYn(ae*')- Put a; - ne'X] 

34. Solve 3 ^+ 2 :^ + 4:(z* —v-)«/ = 0. r ^ t „ 

dz- dz " [2/ = A-4(z“)+-«,P„(2“), 

V = ra an integer, y -- AiJ,(z^)-\-BiJ_^(z‘), v non-integral.] 

35. Solve (a) z^u"+(e^^^~~v^)u = 0. 

[tt == 2:{^i Substitute u yz, then v - 




36, 


^ ^ ^ Substitute X — and inako i/~( /a ■ -- I-] 

37. Of what differential equation is z~^Ji(z) a solution ? 

38. Solve (a) J_,.(fcr)}, 

whereSubstitute <f> —- w/r^.j 

2d<^ n. 

39. Find the complete solution of 4^4--= 0 . ^ , 

dz^^z lu = 

u = 2;*{^iJi(22hA)4J5iFi(22:ii)}. Substitute u = icy, then :c si] 

40. Find the complete solution == 0 

dz^ 

\v — z^[A-t d^5(|2:i)4-j5j Substitute v yxly then x —si.] 

41. Solve [93] = 0. 

m — Substitute to- == yx^, then x ™ 

42. Solve = 0 . [^ = z-+i{J.^i(*zi) +J_„_,(fci)}. 

Substitute <j> == uz" and put 2(/x —v) =1.] 

43. Solve y"J^y = 0. 

[ 2 / = ^~”{-4i4{^)+'Si P)i(®)}- Substitute y = dz~”.] 

44. Solve Z2/-+(l-fn)i/'-f 2 , = 0. [ 2 / = J„(2zl)+B, y;,{2zi)}.] 

[ 2 / = y =r= J_,(z^i)}.] 

46, Solve ^^-^-X^n+z^tny _ 

[ 2 /= where 

_ 1 

® ~ ■^4pr *' "" 2{ra+l)' Substitute^ = wai'/sm, thena: (Asr/m.] 
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47. Solve [77] = 0 

[2/= 2‘'nA-^,(a«’')+Biy,(a2’')}.] 

48. Tmiiafonn ^ + (^‘'-^)2/ = 0 to the form ^ + (iV»-n2)2/ = 0. 

49. Find orio sot of solutions to + - — 4-i = o 

OO 

DA ~ 2 “^0 J^^{r)], Substitute cf) — i/sinn6, then 

ycosnO, where y is a function of r alone. Then solve for ?/.] 

r>0. Solv(' ^ 2.J. \ -- 0- j-p- ^ xV{AiJ,(kxf>)+B^J_J[Jafl)} iq^^plv, 

■l> !(« 1- 1); V 5 k ~ Substitute V ~ yx^,thenz = a;«] 

r.l. If V'j(IO) <)-l702 and ,/j(10) = -01861, find Yj(lO). [0-2459.] 

52. If tho modulus of //^**(14) = 0-2132 and dj(14) = 0-2117, find (a) yj(14); 

(6)//f{14); (c)Yj(14); (d) the phase of H'j'> (1^)- 

■[(a) 0-025; (6) 0-2117-0-025*; (c) 0-064; (d)-6°46'. 

Kesults by four-figure logarithms.] 

53. Show that 

(«) ( - 1)“ 'V_„_j(s); (6) y_„_i(z) = (- 1)V„+J(Z); 

(0) =■-. .Vj(2) + i(-l)«+V_„.j(2); 

(d) HZ j(s) - 

54. Find an expression for Y__J^z) in terms of Jv(z) and J_J^z). Hence show that 

(a) ./ d=) = (6) j^(z) = 

' ' ' Sinj/TT SinvTT 


_y.-p(2) = 


Jy(z) — cos V7F J_y(Z ) 


55. .Establish tho following relationships: 

(»)»;»(=) , <6, , 

' ' ‘ ' *.sini/7r ismvTT 

(c) H%{z) .= ei'^HZiz); (d) /f®( 2 ) = 

(c) J..J(z)^= l{c''^HZ(z)-V<i-^HZ(z)]-, 

(f. , ■ ■ {c <'-Hi'\z)-e-i^H?>{z)} 

. '^d“' H!,»(z)-fH<;-»(z) 

56. Show that (a) J^,(z) — |iifi,^'( 2 :)|cos|tan’’^~^|; 

(6) Y,{z) = lHi,'»(;s)|sin|tan-i^^}. 

[See Fig. 6.] 

57. Show that (a) J^f,(z) =-• V{'^f(-) + F‘^( 2 )}cos(i/w+^) 

— |H!,^\2;)|cos(i;7t+^) ; 

(b) Y_,(z) - |H[,i»(i:)|sin(v7r+^). = tan-iF,(s)/J^( 2 :).] 
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58. Given - 0*3254 with phase 208° V [9 tiiir*r^(0)/J^(0)J, find 

J^(6), y|(6), J^|(6), y„j|(6). For th(‘ two fortiun* uso tiu* lonnulae, in 
example (56), and for the two latter tlu^ fonnnlat' i?i (57). 

[-^0*0107; -0*3253; 0*2763; -0-1719. Idia8(M)f hisUwo is 20S''7^| 0(r 

59. The radial velocity of a vibrating .sj)lu‘rical slud (sinusoidal motion) is 

u = !7(5/a‘H analysis in § 7, show that 

== ' 

Plot u in the form .shown in Fig. 8 c. 

60. Draw a section of the spluTO in (59), by a, plane containing t he polar axis, 

showing the djmainic deformation eurv(^ when t h(‘ ainplil4i(i(‘ of vibra-- 
tion is a maximum. Choose a suitable scale (see Fig. 8 a). 

61. What arc the valia's off,^{ika)IF,,{ika) when (a) n 0 ; ( 5 ) n 1 ? 

[(l-7/m)/(H W“); (2 | /rV.■/W)/(*l | /dn^).] 

62. Find the expansion of the radial \'elo(*ity of a. spluav, one half of which 

vibrates axially witli root, mean s(|ua,r(‘ velocity U, the ot iu*!* half being 
quiescent, in torins of surface zonal harnx)ni(‘s. 1 11 ; v/j IijlF ; 

^2“ ;fe(3/x“l)t/; “ 0; /q ” - a;.;,^(35/x‘'" .3()/x-"| 3)//. 

W= Wo+2/i-h.. - G'(lii(p)-|-i/l(/x)-| 1 

63. Find the expansion of the radial velocity of a splauv, oik* half of which 

vibrates radially with root mean square velocity (/, tla* ot her iialf l)(‘ing 
quiescent, in terms of .surface zonal harmonics. 

[u = Mo+"i+- = 

64. The radial velocity of a sphen* of radius a \'ibraling sinusoidally in air is 

u = U. Show that the surface* ])rcssur(^ in phase wiUi t la; velocity is 
PQcU[kVI{\-]rlAi% 
whilst the quadrature component is 

PocG17;a/(ld^fcV)l. 

Hence show that the sound power radiated l)y a radially pulsating 
sphere is 4:7fa\cU'^[kV“]{\ +/i:"a-)J, U Ix'ing tlu* r.iri.s. \'elocily. 

65. Show that tlie velocity potential at a distance r irom a j)ulsalhig splu'ro of 

^Q-ikir-d) 

radius a is ^ = ~i 7 rr —’ ^strength of tlu* acoustical source*, 

is the velocity-area UA = im^U, U being the root mean scpiarc* velocity. 
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EXPANSIONS IN TERMS OF BESSEL FUNCTIONS: 
INTEGRATION 

1. (a) The Bessel coefficients 

We have defined J„(z) to be the first solution of equation (11), 
Chap. I. Just as the well-known seriesf for cosz can be deduced by 
algebraic processes distinct from the differential equation (16), Chap. I, 
it is possible to obtain series for J„(z), apart from equation (11), 
Chap. I. 

Consider the exponential when i ^ 0. On 

expansion of the exponentials we obtain 

[ 1+ l^i+ ^(1^0*+...] [i—...]. 

( 1 ) 

When these two absolutely convergent series are multiplied together, 
there are terms independent of t, i.e. terms involving terms in¬ 
volving t, . To select the terms in i^, multiply corresponding 

terms in (1), and we get 

22 . 4222 . 42 . 62 ‘ 

Hence Jq{z) is the coefficient of fi in the expansion of hi like 

manner it can be shown that Ji{z) is the coefficient of t, and in general 
that is the coefficientj of P. Inspection of (1) reveals that there 
are also terms involving and we find J^.,f(z) to be the 

coefficient of t~'^K Hence the exponential yields an infinite series with 
Bessel functions of integral orders as the coefficients of its terms. Thus, 
when ^ ^ 0, 

= J^^^)+tJi{z)+t^J,{z)+.,. (2) 

+t-^J^i(z)+t-^J_2{z )+... 

= I (3) 

n - — 00 

n being an integer. 

t It is well to recall that the functions sin, cos, etc., are detined by their series 
and not by the ratios of the sides of a right-angled triangle, which at the best only 
apply to real quantities. 

+ gUU-r*) jg called the generating function for the Bessel coefficients. 

3837.6 (; 
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(b) Expansions 

If in the exponential index we write t — wo get 
Substituting this value of t in the right-hand side of (2), we. obtain 


From (4), Chap. II, J^Jz) = so ,U{z) 

J__^(z) = J 2 {z), and so on. Substituting these values in (4) we linally 
derive the expansion 

giisinfl _ Jy( 2 )-|- 2 {J 2 ( 2 )cOs 20 +j;,( 3 )cOS 46 '-(-...}-|- 

+ 2?:{Ji(s)sm<9+J3{;:)Hin 30+...}. (5) 

Since cos{zsind) + i&m{zsmO), we find on equating real and 

imaginary parts, that 

cos(^sin^) - /„(;:) +2{J,(^)cos 2 ^+^/ 4 (^)cos 40+,,.} ((>) 

= /o(-) + 2 1 ^i( 2 )cos 2pe. (6 a) 

p -1 

sm(;ssin^) = 2{Ji(2)sin0+J3(;^)sin 3<9+...} (7) 

= 2 f (7 a) 

7>-l 

Multiplying both sides of (6) by cosr^^ and integrating l)etween the 


limits 0 and tt, ail the terms except that involving co+nO vanish, for 

■n 

when m and n are even, J cos 7n0 cos nO dO ~ 0 unless m = n. Since 

0 

the angles in (6) are even multiples of 0, it follows that 

7T 

J cos(2:sin^)cosn0 rZ0 = ^tJ+z), (8) 

0 

w^hen n is an even positive integer. In like manner if both sides of (7) 
are multiplied by sinnO and the integration performed, 

TT 

J sin(zsmO)sinn0 dO = m/Jz), (9) 

0 

provided is an odd positive integer. Now the integral in (8) vanislies 
when n is odd, whilst that in (9) vanishes wlien 7i is even. It is dear, 
therefore, that by addition 

7T 

J {cos?^ 0 cos( 2 sm 0 )+sin?^ 0 sin(ssin^)} dO == nJ,i(z), 

0 

if w is a positive integer. 


(10) 
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The integrand in (10) can be abbreviated, so we obtain 

TT 

J cos{nd—zmnd) dO = 7rJ.,^{z), (11) 

0 

which is identical with Bessel’s integral (10), Chap. I, when the interval 
is 0~7T. It will be remembered that (11) is the nucleus from which the 
general Bessel equation is built up. If we write i7r-—d for 0 (in 5), it 
is easy to show that 

^izconO ^ J^j(;2) —2{J2(;3 )cOs20—J4(s)COS40 + ...}4- 

^-2^{Jl(;^)c6s0~/3(2;)cos 30+J5(2;)cos 50—...} (12) 

= Jq(2) + 2 2 i”'Jn{z)cosnd. (13) 

n= 1 

Equating real and imaginary parts 

cos(;2cos0) = Jq{z)— 2 {J 2 {z)cos 26—J^(z)oos 40+Jg(; 2 :)cos 60...} (14) 

sin(2;cos0) = 2{Ji(;2)cos0—J3(2:)cos30+J5(2:)cos50...}. (15) 

In (14) and (15) put 0 = 0, and we get 

cos;r = Jq(z)—2{J^(z)--J^(z)+Jq{z)—...} (16) 

sinz = 2{J^{z)--J^(z)+J^(z)—„.}. (17) 

These formulae show a definite relationship between circular functions 
and Bessel functions of the first kind. By choosing some suitable 
value of z and using the tables, it is easy to check (16), (17) numeri¬ 
cally. 

2. Integration 

In physical applications it is frequently necessary to evaluate inte¬ 
grals associated with Bessel functions, so we shall now give some 
examples. 

Evaluate J The integrand is represented by the series 

0 

in (5). On integration between the limits 0 and 2??, all the circular 
functions vanish, since the positive and negative areas are numeri¬ 
cally equal. Hence 

2Tr 27r 

J = J J„(2) dd = 2itJu(2). (18) 

0 0 
27T 

Using (12) we get J dO = 277Jo(3). 


(19) 
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Again by (12), since cosnO has the same number of equal positive 
and negative areas in the interval 0 to n, it follows that 

7T 

I = 7rJo(z). (20) 

0 

Tn like manner by aid of (13) it is easy to show tiiat 



Netarea = ir Jo(3r)=TrJo(TT) 
laj (b) 


Fig. 9. Graphical repro.sontation of J 003 ( 2 : .sinThe 

0 

elemental areas are each oo3(zsin 0) 

TT 

Also J cos( 2 :sin 6 ) dd = ( 22 ) 

which is seen to be a particular case of (11). This integral can be 
interpreted geometrically by aid of Fig. 9. Choosing any convenient 
value for z, y ^ zmid is found for d from 0 to tt. These values are 
plotted in curve 1. Cosy is now obtained and plotted in curve 2. 
The shaded area is the above integral, i.e. 7 rJ^{z), or alternatively 
J^^{z) is the mean value of 003 ( 2 : sin ^) over the interval 0 to tt. From 
^ — TT to 277, sind is negative, but since cosy = cos(— y), curve 2 is 
the same from 17 to 2?? as it is from 0 to tt. Thus 

’^TT 

J cos(2:sm^) dO = 27tJq{z), 
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It is to be remarked that in Fig. 9 a, 2 : was chosen to be a fraction of 
the semi-period of sin0. If z were 3*9 say, the diagram would still 
be symmetrical about 6 = Itt. 

A similar procedure can be adopted in respect of J sin( 2 :sin^) dQ over 
any interval. From (7) or from graphical processes, we see that over 
the interval 0 to 27r the integral vanishes. 

‘•ilT 2Tr 23T 

Now J fAZ'AxwQ (10 j cos( 2 :sin 0 ) dd -fi J sm( 2 ;sin 0 ) dO 

00 o 

= 27rJo(2:) + 0, (23) 

‘itr 

which means that J dd is represented by twice the area of either 
0 

curve 2 (a) or curve 2 (b) in Fig. 9. By means of rough graphs drawn 
to show the positive and negative areas, it is frequently possible to 
deduce the value of this type of integral in an interval which is a 
fraction of 0 to 27r, provided the result for the whole interval is 
known. 

The original integral can also be evaluated by using the exponential 
expansion of the integrand. Thus, 


2n 


27T 

=/[(■ 


sin20"f —sin^0- 


....) 


+ 


+i^z sin 0— sin®0+.. .jj (24) 


By aid of rough graphs we see that the integral of the imaginary part 
vanishes at both the limits. Using the well-known sine reduction 

i-jr, we obtain 

2)...2 - 


irr (2n 

formula, viz. J dO = — 2n{2n 




(25) 


or 


27r 

J cos(25sin0) = 
0 


In like manner it can be shown that 


(26) 


2.7r 

J ^-izBine dd = 2nJf,{z). 


(27) 
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2Tr 

'■i 
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Evaluate J Using the expansion in (13) the integral 

becomes 

I sin^^j Jq(^) + 2 2 i^^ J,^^(z)cosn{6-~(x) \ <16. 

J ^ n ■■■-■ 1 ^ 

0 

The only term which is not evanescent at both the limits of integra¬ 
tion is 

2Tr 

2 i^J,Jz) j siund C08 n{d—0L) dd 
0 

= i^J^(z) J [sin('ua)+ain?i( 26 *—a)] dd, 

0 

27r 

J dO = 27 ^^*^J,^( 2 :)sin wo: 


so 


(28) 


since the second integral is zero. 

4. Example 

iTT 


Evaluate f dd. By naeans of an identity the integrand 

J sin2(2;cos^) j b 


can be written 


sin^Tz?/ 

- T - g - == 7^+2{(?^—I)cos 2 /+(n-- 2 )cos 2 'y-f...eos(w--l)?/} 


sin^t/ 


= n+2 2 {n-~T)Q08ry, 


(29) 


where y = zcos0. For the general term of the integral we get, on 
omission of 2{n—r), 

hTT 

J C08{rzQ08d) dd = iTrJQirz). 

0 


5. Integration by parts 

In evaluating integrals which involve Bessel functions it is frequentl}^ 
necessary to integrate by parts. This process is often used when it is 
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required to reduce the index of a variable in the integrand at 
each step. To establish a formula for integrating Bessel functions 
by this method, we multiply both sides of (3), Chap. II, by 
and integrate. Thus 



J Z''+ 1 J„(Z) dz - J 2 ^ dz 

(31) 




so 

f 5!"'^^</„(z) dz = z^+^,+^(z); 

(32) 

also 

J 2V„_i(z) dz = Z"JJz). 

(33) 


By differentiating (32) and (33) it follows that 

(34) 

and == ■^{z"J„iz)}; or z"J„_i{z)dz = d{z'’J„{z)}. (35) 

It can be shown that these formulae are valid when the order is 
unrestricted. Thus n may be replaced by v. 

6. Example 

Evaluate J 

0 

The integral can be written J z%zJq{z)} dz. Putting t?- = 0 in (34) or 

0 

71 == 1 in (35) we get zJq{z) dz = d{zJ^{z)], so the integral becomes 

j d[zJ-^{z)] = z^J^{z)—2 J z^J-^{z) dz 
0 0 

= z^J-^{z)—2z^J2{z) (36) 

from (32) by putting 7^ = 1. The integral J z^^Jq{z) dz can always be 

0 

reduced and evaluated provided m is a positive odd integer. If ni is 
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even, the reduction is terminated by J d'z. For example 

0 



2Jj(3)+zJ„(z)~ j Ja{z)dz. 


In general, the integral J dz can be evaluated if (///. + /? ) is an 

0 

odd positive integer and m > n. 

To evaluate J dz we proceed as follows. Using (22), Chap. II, 
0 

and writing (n+m) for n, we get 

d^n+m—l {z) — Jn+m+x{^) = 2j;;+,„(z). (38) 

Giving m the values 1, 3, 5,... successively and integrating, we obtain 
I JJz) dz— J J„+ 2 (z) dz = 2J„+,(s) 

J '4+2(2) dz— J J'„+4(z) dz == 2J„+3(z), 

and so on. By adding both sides separately, we obtain 

z 

J dz = + + (39) 

0 

~ ^ (40) 

w=0 

provided > — 1. This restriction is imposed to secure convergence 
of the integral in (39) at the lower limit 2 = 0. From (2), Chap. II, 

^71 + 1 

when 2 -> 0, J^{z) = Thus J J,Xz) dz = —y - , and when 

2”('/id~ 1)1 

2 -> 0 this is only convergent if n +1 > 0, i.e. ifn > -—1. When n is 
replaced by v, the condition is that R{v), the real part of v, > 1. 

The integral in (39) can of course be evaluated by expanding «7„(2) 
and integrating term by term. The series in (39) is useful, however, 
since sufficient J’s can be obtained from tables, provided n is not too 
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large. As a particular case we have 

J Jq{z) dz = 2{Ji(2:)-l-J3(2:)-f....} = 2 ^ *^zm+i{^)- (^ 1 ) 

0 m=0 

It can also be shown that (see p. xi) 

J J«( 2 ) dz = zJo( 2 ) + |772{Ji(2)Ho(2)-Jo(2)Hi(2)}, ( 42 ) 

0 

where is Struve’s function which is treated in § 8, Chap. IV. 

We also have 

J F„(z) dz = zro(s)+J;«{r,(z)H„(z)-yo(z)Hi(z)}. ( 43 ) 


7 . Example 
Evaluate 


a 'ATT 

P — J e«*a;siii^cos^^ dxdd. 


Tlie double integral can be written 


a 'ATT 


Put hx sin <f) == z and the first integral in (44) becomes 


'ATT 

j ei«°08^ de = ^■nJ^iz). 


Inserting this in (44), substituting a; = zl{k^m^) and altering the 
limits of integration accordingly, we get 

ka sin ^ 


(ksincf))^ 


j zJq{z) dz — 


{ksincf))' 




as from (32) when n ~ 0. Thus 

p = (46) 

ka sm 

This represents the spatial sound pressure distribution from one side 
of a rigid disk vibrating in a plane of infinite extent [4]. The plane is 
introduced to screen the two sides of the disk from each other. is 
the angular distance of any point from the axis of the disk. The 
linear distance r ^ a the radius. If i = — is the axial accelera¬ 
tion of the disk, and pq the density of air, so the pressure 


3837,5 


H 
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at any spatial point is given by 

^ sin^) ^ 

^ tesin^ 

the negative sign being omitted, since the pressure alternates. The 
spatial pressui-e distribution at two typical frequencies for disks 
5 cm. and 10 cm. radius is shown in Fig. 10 [83]. 


o'* Disk « S cm. radius 



Fig. 10. Polar curves showing the distribution of sound radia¬ 
tion from (on© side of) disks 5 cm. and 10 cm. radius vibrating in an 
infinite rigid plane. The frequencies are 250 (middle of piano¬ 
forte) and 4096 (top of pianoforte), k = cu/vel. of sound. 

EXAMPLES 

1. Prove that 

(а) cos(zcosh^) —Vo( 2 ^)“- 2 {J 2 ( 2 :)cosh2^—J4(2;)cosh4^+...}. 

(б) sin(2:coKsh^) = 2{Ji(2:)cosh^—t/3(2)cosh3^4-...}. 

[Put t = in 

2. Prove that 

(а) sinh( 2 :eosh0) = 2{Ji(2:)cosh0-4-l3(2;)eosh30-f-...} 

givent 4(s) =- [Put s = zi in 1 (6).] 

(б) cosh(scosh^) = Jo(3) + 2 {l 2 ( 2 ;)cosh 20 -f4(2)eosh4^-f-...}. 

[Put z = zi in (la).] 


t Jn{z) is treated in Chapter VII. 



ill 
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(а) sinhz = 2 {/i(z)+/s( 2 ) + ...}. [Use 2 (a).] 

(б) coshz =/o(z) + 2{/j(z)+/j(2) + ...}. [Use 2 (6).] 

(c) 1 = 2{J^{i7T)-JM7r)+J,(in)-...). 

4. Show that z = 2 {Ji(z)+ 3 J 3 (z) 4 --.} = 2 2 (2n+l)J 2 „^.i(z). 

n =0 

[Differentiate the series for siii(s sin 9) once and put 0 ~ 0.] 

5. Show thatzsins = 2{2.^J^(z) — 4k^J^(z)-\-...}, 

[Differentiate the series for cos( 2 sin 0 ) twice and put B — in.J 

6 . Show that scoss = 8 ^ 3 ( 2 ;)+ 

[Differentiate the series for sin( 2 :sin^) twice and put 6 ™ 

4*r iv 

7. Prove that J cos(zsin= Jcos( 2 :cos0) = |- 7 rJo(-)j and give a geo- 

0 0 

metrical interpretation of the result. 

in \n ^ 

8 . Verify that J sm(zsmB) dO = § sm{zcos9) d9 = 2 ^ 

0 0 2n-f-l 

9. Show that 

tin 

j Q±zmxie^0 _ ^TtJJ^zi) — 27Tio(2)t 


o /1 I I I ^ I 

27 r| 1 + ^22^^27^ + •** 


10. Show that 

tin 

(a) J e^^^^cosnBdd = 27ri^JjJ^z). 

0 


27T 

(6) j sinnB dO — 0. 


0 

27r 

(c) J dB = 27TiVj2). 

11. Verify that 
(a) 

0 

in 

( —1)^“ J* cos( 2 :cos^)cosn^ dd = ^rrJJ^z), n even. 

(b) (- 

0 

in 

Ij4(n~i> J sm(scos^)cosnd d@ = j7rJ„(2), n odd. 

12. Show that 

0 

J Ji(2JCOS^) dd — • 

0 

13. Prove that 

V 

J* eos[zsin(^-|-a)] dB = ttJq{z). 

0 


t See example 2(®) for definition of Jn(s)* 



52 


BESSEL FUNCTIONS 


III 


14. Show that [93] lim nlop;[co.s(5) + isin(-)eos0 = izcosB, and henco show 

that when 6 lies between 0 and ir, 

J (z) = lim - j c^}oe{coa{zin) \ i 8 in{zin)coBe} ( 10 ^ 

® n-yooTT J 
0 
7T 

15. Show that J sin(z cos — 0. 

0 


16. Verify that sin (^—2 sin ^) = 2 t/^(2)sin(^ + ^<5^)* 

n~ — 00 

17. Evaluate „ 

r 

^r-MizcosO 


(a) |< 

0 

in 

(b) J jQ(A:asin^)sin 6 cos 6 dO. 


Irre^J^iaz).'] 

jj 


18. Prove that J Jq(z) dz = ~ J 


2 r^sin(zsin^) 


sin^ 


[ in 

Substitute ( 2 / 7 r) J cos(zsin^) dO for Jq{z) and alter the order of integra- 
0 

tion. The result is ^ J dd J — t“"~d(zsin6?).l 

0 0 -■ 


19. Show that {jJz)dz~- f cos nB dO, when n is oven and positi vo. 

j 77 J sm^ 

^ ^ [See example 18.] 

0 0 

20. Using example 18, and given that j* ~ i'”' when n is odd, prove 


in 


thatj Jo(z)dz =■ 2 2‘>^ 2 n+i(^)* Also prove tliat f “1-™—« Itt. 

0 n—O J SlTiu 

0 

JT 

21. Evaluate J cos{z cos 0)sin2^ and give a graphical represeni ation of t lie 

0 

integration when z — 5. Check the result of the integration by a 

graphical method. f t/'d-) _ , 1 

^ ^ [77 Aid -.0-206 when z 5.j 

n 

z” r 

22. Prove that . J cos(zcos^)sin2«^ = 77./,,, (~) 

0 00 

d r]{r+n)\’ 


23. Prove that 


I e-iisiae^ine ae = 2nJ„{z). 




HI 


EXAMPLES 


24. From (3) in tlio text c-“‘^ ^ By differentiating both sides 

n <yj 

[1)3 ] and e(][uating coefficients ofshow that — 2J'„{z). 

25. By writing —for t in (24), show that 2 ~ 2 

n--~oo n-~oo 

By equating coefficients of show that 

(-1 rj_„{z) = j„{z) i.e. = ( -irj„iz). 


26. Show that 2 J = in{n + 2”2 {n-r)J,{z)]. 

[Use formula for sines in A.P. and example § 4 in ttie text.] 

<7, 111 

27. Evaluate (a) j zJo(kz) dz; (b) j J„{z)dz-, (c) J y„( 2 ) d:; {d) jriJ^(ra) dr. 

0 0 0 0 

r ^ _ 0-637; lji,(a).l 

I ka a “ i 

Z 2 

28. Show tliat | zJj(kz) dz = -^JJ(kz)+^ | J^(kz) dz 

CO 

n=0 

29. Evaluate n x x 

(ct) j z^J 2 {^)dz; (b) j xJ^{x^) dx I (c) ^ xJ^^{x-) dx. 

[(a) a^J^{a)~-2aU,{a); (b) (c) 

Put X — Vi and use formulae (24) and (25), Chap. II.] 
What does the integration in {a) signify geometrically ? 

30. Evaluate [6J the following integral which occurs in acoustical work: 

a ^ ‘Jtt 

j ~ dx f 

r 2.af- 21 

L \ kamnp {kasm<f>y^J 

.31. J'.viiluate |.6j j | (^1 (/0. 

0 u 

This integral occurs in finding the distribution of sound from a disk 
\ ibrating with two nodal circles. 

[ 27 ra={[l - (9i + 9,) -h?, 92]-“- +' 2 [( 9 i + 92) - 2 ?i 92] + S'?! % “r )> 

where z — A’asm<^.J 
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32. Evaluate [6] 


110*- 


sin nO <t>coa{e~ a)^. drdO, 


This integral occurs in finding the sound distribution from a disk 
vibrating with n nodal diameters. 

2 

33. Evaluate j* z^J^iz) dz when m is an odd positive integer. 

0 

- (m - 1 -f (m -1 )2(m - 3) + 

or z™Ji-(w-l)*“-V 2 + ...{(m- l)(w-2)... 2} / dz.] 

34. Show that ^ 

2 2 

J Az = 2 S"*dj,„+i+zi“-Vj„,+j+...{l j JJ,z) dz 

0 0 

= i?n+i+2=^^^ im+2+•..2(1.3.5...){«/■-h J ^^+3 

m > — 1 . 

35. Prove [8] that 


where - 1 ^ j), i- 

/,= 1+26* 

/e = l + 66* + 36‘ 

/g = 14-126^+186“*-1-46®, and z is constant during integration. 

This integral occurs in determining the acoustical pressure on a rigid 
disk vibrating in an infinite plane. 

36. Plot the following to obtain polar diagrams [4] of sound distribution 
from ^ = — Jtt to Jtt : 


(а) p ^ A^Y 

(б) p = JLi [■ 


[ .^(Ajasin^)! ^ 

/casineS J ’ 


\J-JJca sin(f>) 

^J^ikaBm^^ 

L ka sin ^ 

(ka&intp)^ J 


[J3(A;(2 sin^) 

6J4(A:osin^)] 

L {kasintf))^ 

(kasin J 


Take Aj^ ~ 1, a = 10 cm. and plot two polar curves in each case, 
(1) A; = 0’04, (2)/c = 0*4. Theaxis^ = Ocanbe taken vertically or hori¬ 
zontally and the curves drawn symmetrically about it. (See Fig. 10.) 


37. Show that 


’'^’dz = iU(z) + 2|d,,^„^,(; 

ft, \ 


[Use a recurrence formula.] 
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OO 

38. Show that r ^2^ = -( 2 1 ; n > 0. 

J t Tl\ 4-3cO / 

lit 

[Use a recurrence formula.] 

OO 

39. Show that J* e~^^jQ((xz) dz = Ij without expanding the integrand 

u 

into series. [Substitute for Jq(z) from (20) and change the order 

of integration, i.e. integrate first from 0 to 00 with 
respect to 2 :, and second from 0 to tt with respect to ^.] 

40. Establish formula (32) in the text by aid of formula (21), Chap. II. 

41. Evaluate the following integral which occurs in a problem on the sym¬ 

metrical vibrational modes of a stretched annular membrane of radii 
a and b : ^ 

x\og^ JAkx) dx. 

J X 

b 

[i {J„(A:6) - Mka)}-1 log? /,(*6).] 

42. Evaluate the following integral which arises in a problem associated with 

a loaded submarine cable (see § 5, Chap. VII) 

X 
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THE HYPEBGEOMETRIC, GAMMA, AND STRUVE 
FUNCTIONS; ASYMPTOTIC EXPANSIONS; LOUD 
SPEAKER HORNS 


1. Hypergeometric function of K. F. Gauss 

Befoee dealing with the further development of Bessel functions, 
we shall introduce two additional functions which are required in 
subsequent work. The hypergeometric function is one solution of 
Gauss’s equation 


and it is denoted by the letter F. It includes many well-known cx|)an- 
sions as particular cases, some of which are given in example 2 at 
tlie end of this chapter. By substituting a power series for y in the 
above equation, we obtain as one solution the hypergeometric 
function, 

F((x,p,y,z) = 

It is absolutely convergent if | 2 ;| < 1. If jzl = 1, it is absolutely 
convergent provided a—jS) > 0. The symbolism on the left- 
hand side of (1) is merely the mathematical shortliand for the 
function, just as stands for the series which represents Bessel’s 
function of the first kind of order n. In operations involving the 

hypergeometric function, we shall use the series itself. Suppose we 

1 

have to evaluate the integral J dz. Putting y = 1 in 

0 

(1), we obtain 


a^z a(a+l))8(^+l)2^ . 

2!y(y+l) -j 


J F(a,jS, l,z^)z dz 
0 
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THE HYPERGEOMETRIC FUNCTION 
Now F((x, jS, y, 1) is convergent only when the real part of 

(y—oc^^) > 0 , 

so (2) is valid provided M(2—oi~P) > 0. 

In like naanner it can be shown that 

j FIa,dz —F{(x,^,n+l,l), ( 3 ) 

0 ^ ‘ 

provided R{n-^l—oL—p) > 0, to secure convergence. Also 

J dz = W{F(cc,^,2, 3,1)}. (4) 

Instead of integrating the hypergeometric function, suppose we 
differentiate it, then from (1) 


3ct(a+l)(a+2)i80+l)(;3+2)z^ 

3!y(y+l)(y+2) 

= 1 4- (c^+l) ( j3+l)^ , (“±i)(“+2)()l+2)2^ \ 

y I 7+1 2!(y-f-l)(7+2) I 

^^Fia+l,p+l,y+l,z). (5) 

y 

More generally, we have 


^F(a,/3,y,x) = ^F(a+l,^+l,y+l,x)^. (6) 

€Z y oz 

j 

2. The Gamma function r( 2 ;) 

This function [84] was introduced by Euler. It is represented by 
the Greek capital letter gamma. The function is the limiting value of 
a product when the number of terms therein tends to infinity. The 
reciprocal of this function is defined to be 


1 

m 


=“^n{(>+sK*)’ 


(7) 


where capital tt signifies that the product of the terms is to be taken, 
and y is a well-known constant due to Euler, which is associated with 
his name. Numerically 


y == lim 

771—>X 


l+i++...+i-log»^ 


0-5772. 


( 8 ) 


3837.5 


I 
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Taking the product in (7) we have 

(l+z){2-\-z)...{m+z) 


zey^lim. 

711 -^ CO 


ml 


g-Sr{l+i+...l/wO. 


(9) 


= m-. Multiplying (9) above and below by 

we get 


so 


or 


7n->co 

1 

i>) 


(z+1)(z+2) - (2+«^),_„ 
mlm^ 

z{z-{-l){z+2).,.(z+m) 


r(z) = lim 


mlm^ 

mlm^ 


7ll->CO z{z+l){z+2).,.(z+m.) 
It can also be shown that 


r(2;) == J dt, 


( 10 ) 


(10 a) 


provided the real part of z is positive. Writing ( 2 : 4 ~ 1) in place of z in 
(10) we get 

_ mlm^m 

r(i+s) = (z+i)(z+2):..(z+m+i) ~ 


zV{z) hm 


(10b) 


Thus r(l+ 2 :) = zr(z) == z(z-l)(z-2)r{z-2). (11) 

Consequently r(l+ 2 ;) is sometimes called the factorial functionf and 
it is written !. From (11) it follows that when 7i is a positive integer 
r(l+n) = %(^—1)(?^— 2)...l — nl (11a) 

It can also be shown that 

r(2:)r(l—2;) == TrlsiuTTZ. (12) 

If 21 == J we have from (12) 

{r(|)p = TT, so r(i) - Vtt; (13) 

the positive root being chosen since r(|) > 0. Again, from (12) 

^ j and it is clear that —■ = 0, or r( 1—s) = oo 

IT 1(1—S) 

0 or 


r(i-^) 

when 2 is a positive non-zero integer. Alternatively, 


r(i+^) 


t In this book w© shall reserve z\ to apply to positive integral values of s. 
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r(i+3) = 00 , when 2 ; is a negative integer, a result of importance in 
establishing the relationship = {—in § 4. The func¬ 

tion r(l+ 2 ;) is shown graphically in Fig. 11. It is positive for ail 
values of 2 : > —1, whilst when 2 : is a neg&tive integer it is infinite. 
Between successive negative integral values it is alternately positive 
and negative. To evaluate r( 2 ) when z is haK an odd negative integer 



Fig. 11. The gamma fiinction r( 1 -f 2 :). 


we proceed as follows: 

r(z+m) = (z+m— l)(z+m—2)...(z-l- l)zr(z), 
so r(z) = r(z+m)/(z-i-m—l)...z. (14) 

Putting z+»a — i, orm = ^—z, this being a positive integer, 

r(z) = V,r/(— i)(-|)...z. (14a) 

There is an important formula due to Gauss by means of which 
the hypergeometric series can be evaluated when the argument is 
unity and a,^,y have numerical values. It is [84, 77] 


i^(«,i8,y,l) 


r(y)r(y—ot—^) 
r(y-«)r(y-)3)’ 


(15) 


provided the real parts of y and (y—a—^) exceed zero, i.e. i?(y) > 0, 
jB(y— a —jS) > 0. 
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3. Example 

Evaluate F{—1, i,3,1). Using (15) we get 

r(3)r(4) 


4,3,1) 


r(|jr(i) ’ 


and by aid of (11) we obtain 

1) == 2.1x3.2.1/J.^.f.-|.V7rX I.I'.Vtt, since r(l) = Vrr, 
= 28 / 10577 . 

This represents the sum of the hypergeometric series, namely, 

F( 3 J 3 1 ("t)(”M)(i) , 


Thus 


or 


2® 

IOStt 

0-775 = 0-7734+i?^. 


0'7734+remainder, 

128 


4. Series for J^{z) when v is unrestricted 

When the order v is unrestricted, i.e. it is either integral, fractional, 
or complex, a Bessel functionf of the first kind of order v is defined 
to be a solution of the differential equation 


^, 1 ^, 
dz^ '^zdz'^ 



this being identical with (11), Chap. I, when i/ is a positive integer. 
The first solution of this equation is given by 

i!(v+l)'^2!(i/+l){i.+2)"^ 


If we make a^y = 




*4(2) = 


(12)” fi_ (W , _ ) 

r(v-fi)l (v+i)'^2!4+i)4:p¥) "7 


(16) 


V (-mi2)”+*” 

;^r!r(v+r+l)’ 


(16a) 


This agrees with the definition in Chapter II for integral values of v, 
since r(v+r+l) is then r(?^+^+l) = (n+r)!, by (11a). For this 
reason the above value of is chosen. 

We are now in a position to prove (4)f in Chap. II, namely, that 


t When V is not integral Jy{z) cannot be regarded as a coefficient as in Chap. I, § 3. 
t See also examples 24 and 25 at the end of Chapter III. 
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COMPLEX VAKIABLE 
J-ni^) = (—i)”*/«.(^)* Writing —n for v in (16 a) we get 


= 2 
r=0 


r!r(l+r—n)* 


From §2, l/r(l+r— ?^) is zero when (r—n) is a negative integer, a 
result which holds for all values of r from 0 to Thus we are 

only concerned with the series of values r = {n-{-m) for m = 0 to co. 
Writing r = (w+m) in the above series, we obtain 


= 2 


m=0 


(-^l)n+m(|^)n+27n 

'm\{n-{-m)\ 


(17) 


since r( 14 -^??') == and the summation applies to the terms obtained 
by putting m = 0 , 1 , 2 .... Thus comparing (17) with (3), Chap. II, 
it is seen that _ (- 1 )V„( 2 ). (17 a) 

It can be shown that J^{z) obeys the recurrence and other relation¬ 
ships established in Chapter II. 


5. Complex variable 

When z is complex we have z = = r(cos0+^*sin^), and when v 

is not integral z^ is many-valued since z^ = y.vQiv(d+ 2 nir)^ 'Pq avoid 
ambiguity we take 6 being chosen so that —tt < 0 ^ tt, 

which means that the angle — tt is not used! (see Fig. 12 a). Suppose 
z = (x—iy), where x and y are positive real quantities, then the posi¬ 
tion of r is m the fourth quadrant in Fig. 12 a. Let it be required to 
find the value of a function, say when the argument —z is in 

the second quadrant. From Fig. 12 a it is seen that the vector is 
rotated+77, so if 2 ; = we have {—z) = = ze^^. Thus 

Applying this to the case of Jy(z), we have 


•^v(-z) == •4(26'''^) = 2 

m=o 


m!r(j/+m+l) 


4. TO!r(v+m+l)’ 


since 




(18) 


the square brackets signifying that the value of the function within 


■f* It may be convenient in certain cases to alter the angle range, i.e. to depart from 
the principal branch of. the function. 
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is known. The same result is obtained if we commence with 2 ; in the 
third quadrant. Since 0 must not exceed tt, it follows that when 
— TT < i9 < 0, Jy( — z) = Starting in the first or second 

quadrants, if we know J^{z) and want to find J^{—z), we have 
z = and (— 2 ;) = the vector now being rotated —irm 




Fig. 12. Illustrating complex variables: (a) in changing from 
quadrants 3, 4 to I, 2 the multiplier is (6) in changing from 
1, 2 to 3, 4 the multiplier is The line or barrier at.— -rr must 
not be crossed in passing from one quadrant to another. Henco 
we cannot go clockwise from 4 to 2, or anti-cdockwise from 2 to 4. 
(c) Diagram illustrating § 12. 


shown in Fig. 12 b, Thus when 0 < 0 < tt, (— 2 ) = and 

J,(-3) = (18 a) 

The above results can be summarized as follows: 

When z is in the third or fourth quadrants, 

—TT < 0 < 0, (— 2 :) = ze'^'" and J^{—z) = 

When 2 ; is in the first or second quadrants, 

0 < 0 < TT, (— 2 :) = z&~^^ and J^{-~z) = 

When 0 = 0, 2 ; = r is ^positive and real so but 
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if for convenience z is taken to be negative, we have 

{18 b) 

where (— 2 ) is positive. As a case in point, suppose we know J^{^) 
and we want to find Jj(—^ tt). Then 

J|(---j7r) = = i[^(4/7r2)sin Jtt] == 2^77T. 

Formulae for the functions of the second and third kinds are obtained 
as shown below. 


YA—z) 


C 09 v 7 rJ„(—z)—J_„(— 2 ) 
sin ra 


_ cos V7T J^(z) —cos im J^{z) cos vtt J^{z)— 

sin VTT sin vn 


= e-^^'^Y^{z)+2icoQV7rJ^{z), 

-\-z being in quadrants 3 or 4 where —tt < 0 < 0. 
cos VTT J^{z)’-e^^^J_^(z) 


Y,{-z) = 


smvTT 


(19) 


^ f T / \ T / o cos W * 7 .( 2 ). .-V 

= -{cos VTT *4(2) — J_(2)}-:- — —e~^»'^) 

sinw smvTT 

= e^'''^Y^{z) — 2i cos vtt Jy{z), (19a) 

+2 being in quadrants 1 or 2 where 0 < < tt. 


mjK-z) = J^{^z)+iY^{-z) 

= e"'‘'’^7^(2)—(e^'”^+e-*‘'’')Jy(2)+je-*‘'"ry(z) 

= _e-*>’riy(2)(3) = e-'''»ir<»(z)-2e-*>'’^J^(z), (20) 

+* being in quadrants 3 or 4 where —it <6^0. 

H«)(-2) = e-»''V„(z)+(e^‘>'’'+e-^''’')J^(z)-l-»V''’'r^(3) 

= e^>’"if<i)(z)+2e-<>'"J„(z), (20a) 

+2 being in quadrants 1 or 2 where 0 < 0 ^ it. Similarly 

£r(2>(-z) = 2cosvitHf\z)+e^^-H<^\z), (21) 

+3 being in quadrants 3 or 4 where —it <0^0. 

fl-( 2 >(_z) = -e^'>”^jy(,i>(2) = (z)- 2 ei>'"J^( 2 ), (21 a) 

+2 being in quadrants 1 or 2 where 0 < 5 ^ -jt. An example illus¬ 
trating the use of these formulae is given in § 12. 
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6. Relationship between Bessel and circular functions when 
V is half an odd integer 


Having introduced the gamma function, we are now able to con¬ 
sider Bessel functions with fractional indices. In (16) put v == j. 


But r(|) = ir(i) = IVtt, so we get on multiplying ( 22 ) above and 
below by .1: 




+•••}. 


(22 a) 
(23) 


from (10), Chap. II. In like manner it can be shown that 


J_}(z) == y^^jcosz = — Fj(2) (24) 

from (10), Chap. II. Thus 

V(i7i-z){J_j(z)±iJj(z)} = cosz±isinz = e±’®. ( 25 ) 

If in (23) and (24) we replace z by iz 


(28 a) 

since, from Pig. 18, ii = -^(1-fi) and i-i = -.L(i_i). 

V2 VZ 


In general, when v is half an odd positive integer, Bessel functions 
can be expressed in terms of circular functions [93]. Thus, when 


71 > 0, 


Also 


== 


Vttti! 1\ dzy z j* 

^2(|2;)"+il/ ci^\^cos2;l 
^rrnl \\ dzy z ) 


(29) 

(29a) 
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7. Formulae for JJ^z) using the gamma function 


TT 

= , iff^' r ^sin^' 


V7rr(v+J) J 


dde 


(¥Y 


V7rr(i^~f-J) 


cos( 2 : cos d6 


2{\zy 


V7rr(v+-|) 


•JT 

/ 


^TT 

— J cos(2;cos0)sin2’'0 dQ 


r Qo^{z^me)Qo^^-e de 

V77r(v+i) j 

0 

=-———J- r (l—f^)''~hoazt d( 
V7rr(y+|)J ^ ■* 


■ 2Qz)-’' r sinzf J 


{2v-l)(izr-^ 

V';Tr(v+i-) 


J sm{z cos d)sin^^-W cos 9 dd. 
0 
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(30) 

(30 a) 

(30b) 

(30c) 

(30d) 

(30e) 

(30f) 


Formulae (30) to (30 d) inclusive are valid when the real part of v ex¬ 
ceeds —i, i.e. E(v) > — i. (30 e) is valid when s > 0, — | < R(v) < 
(30f), which is obtained from (30b) by partial integration, is valid 
when R(v) > -1. The results (30) to (30 c) can be established by expand¬ 
ing the integrands and integrating term by term using the formulae 


htr 


sin®''3 dz — 


V7rr(y+i). 
2 r(y+l)’ 


i-TT 

J sin ^*'2 cos ^^2 dz == 
0 


r(v+^)r(^ +l) 

2r{v+fjL+i) 


8. Struve functions 

The simplest way of introducing these functions, w^hich are named 
after the German mathematician H. Struve, is by means of an 
example. Suppose we evaluate 

^TT ilT 

J ^izSind ™ J ^cos(2;sm^)-l-^sin(ssin0)} dd. 

0 0 


3837.5 


K 
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From (26), Chap. Ill, the integral of the real part is 

^TT 

J cos( 2 ;sin^) — ^7rJQ{z). 

0 

To evaluate the imaginary part we have 

j sin{zsm6) d9 = j ~sin®^+™ 

0 0 




4^ 


2"^m! 


When m is a positive integer f dd =---—-— 

® 0 1.3.5...(2m+l) 

the imaginary part of the original integral is 

^TT 

J sin(z sin0) = 


P P.3* '^1*.3*.6* 

= ^7tHo(z), 


where 


Ho(z): 




n-U* P.3*^P.3*.5* 


, so that 


(31) 

(32) 

(33) 


(see Fig. 13, curve 1) is defined to be Struve’^ function of order zero. 
It is used in acoustical problems [8, 17] associated with the deter¬ 
mination of the fluid pressure on a vibrating s-urface. 
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Since sin0 from 0 to and cos0 from ^tt to 0 are identical, by 
regarding the areas formed by integration, it is seen that 

J sin( 2 ;sin 0 ) = J sin( 2 :cos^) dS = |7rH^(2:). 

0 0 


The Struve function of order v is defined to be [93] 

7 f sin(2;cos^)sin2»'0c?i9, 

VttI (v+t) J 
0 


(34) 


provided R{v) > -—J. For any value of v 


h,( 2) = 2 (-ir 

r=0 


(|2)v+2r+l 

r(r+f)r(v+r+f)' 


(35) 


It is of interest to compare (34) and (35) with the corresponding 
formulae for the Bessel function of the first kind. Thus, 

ijT 

Jy(z) = J cos(2cos0)sin2*'0 dO, (36) 

0 

provided R{v) > —J. For any value of v 


= 2 
r=0 


r(r+l)r(v+r+l)' 


(37) 


Since = cos(zcos6)+isin(zcos0), it foUows from (34) and 

(36) that 

J,(2)+iH„(2) = J de, (38) 

0 


provided B{v) > —I- By writing d = it is easy to show that 

J,(2)+iH,(z) = J e^'^^^^cosS-e de, (39) 

provided R(v) > — J. 

The Struve function of unit order is of considerable importance in 
the theory of loud-speaker diaphragms [83]. Using (35) and writing 
v == 1 , r = 0 , 1,2,... we find that 


Hi(2) = 


2® 1 

2^r(p¥) 


2« 1 

2* r(i)r(|) 


2 ® 1 

^®r(i)r(i) 


(40) 
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Now r(|) = |r(|-) = Htt; r(|) = f IVtt, and so on. Thu.8 (40) can 
be written 

(41) 


„ , , 2 1 2® _ Z* J 2® 

TT tP.3 I'-*; 32 .5''' P. 3“. 5^' 


Hi( 2 ) is plotted in Pig. 13, curve 2. 
Using (41) it is easy to show that 


zBli{z) = J z¥Lq{z) dz, or 


: 2Ho(2). 

(42) 

By differentiating the series in (33) wc get 



^{He( 2 )}=?-Hi( 2 ), or 

Ho(2) = -- 

rr 

J Hi( 2 ) dz. 

(42 a) 


9. Recurrence formulae for H„( 2 ) 

As with Bessel functions, recurrence formulae can also be established 
for Struve functions [93]. It can be shown that 

(iz)-' 


H.-x(2)-H„.,,(2) = 2H;(2)- 


V7Tr(v+gy 




(43) 

(44) 


which should be compared with (22) and (23), Chap. II. It can also 
be shown thatf 

^{ 2 >'H„( 2 )} = 2 ’’H„_i( 2 ), or 2 ’'H„( 2 ) = J 2 ''H„_x( 2 ) (Iz, (45) 


^(z-’-HJz)} = - 

dz^ vV u 2>'Vj7r(v+|) 


or 2 ~''H„( 2 ) 

10. Example 

Evaluate 


2>'V77r(v+f) 

irr 

f‘ 

-~hrr 


-2-'H,+x(2), 

J z-' 


dz. 


(4G) 

(47) 


J dd. 

■irr 

Expanding the integrand we get 

|7T 

2 J{cos(2:cos0)—^sin(2:cos0)}dsin^ 

0 

Jtt 

= 2 I 008(2 cos dsin6-^2i j sin(2cos0) (48) 

0 0 
t Additional formulae are given in the list on p. 167 , 
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Taking the first integral in (48) by parts we have 

2[sin0cos(2jcos6)]^^—2^ J sm(zcos6)smW dd. 

0 

Inserting the limits in the first term and using (34) to evaluate the 
second, we find that 

2 J cos(zcose) c?sin0 = 2—n-Hi(z). (49) 

0 

Taking the second integral in (48) by parts, we obtain 

2^[sin0sin(2; COS 2^:2; J cos(2:cos^)sin^^ dd. 

0 

The first term vanishes at the limits of integration, whilst by (36) the 
value of the integral is i'TTJ^{z), so 

iTT 

2i J sin( 2 :cos^) dsin6 = iTrJ^{z). (50) 

0 

Subtracting (50) from (49) we find that 

J g-i«cos0QQg^ _ 2--7r{Hi(25)+iJi(2:)}. (51) 

-kn 

11. Asymptotic expansions of Jy{z), Y^{z), and 

Hp(2;) 

In general the series (16) or (16 a) is convenient for numerical calcula¬ 
tion when the convergence is fairly rapid. If z and v are such that 
convergence is slow, which usually means that 2 ^ 1 , series (16) is 
not well suited for computation. It is customary for large values of 
z to use what is known as an asymptotic expansion. When, however, 
V = ^±1, Jy{z) and Y^{z) can be expressed in terms of circular 
functions so an asymptotic expansion is not required [see (29), 
(29 a)]. When z is large, and — Jtt < 0 ^ Itt, it can be shown that 



«^.(z) = y(^j{U2)cosv!'-f,(z)siniA} 

(52) 

and 


(53) 
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2l{Sz)‘^ 

(4^2„12)(4^2_32)(4^2__52)(4j,2_72) 

4!(8^p 


"••H (54) 


1 !( 82 :) a!(8z)3 ^ 


^ = {z—lTT—lvTrYy 

and R^ are the remainders after ^ and s terms of the respective 
series have been taken. It should be observed that 


iM = l~M = U~z) and ^ 

When ““ 2 : is negative, we have from formula (18), § 5, 

J,{~z) = c--J,(+^), 

and from (19) Y^(~~-z) == e~^'*^’^3^(+z)+2'icosv^e4(+2:), 

where (+ 2 :) is positive. Thus the values of J^,{z) and ^^(s) can be 
found for large negative values of 2 ; by aid of these formulae and 
(52), (53). 

If v^jz 1 and 2 ^ 1 , each term of the series for ^^,(z) is at first 
numerically smaller than its predecessor. After a certain point is 
reached, ho\fever, each term will be numerically larger than its pre¬ 
decessor, so (54) regarded as an infinite series is divergent for all 
values of z, and a certain term is the smallest. This can be shown 
approximately in the following way. The ratio of the ^th to the 


(p— l)th term is == 

^ V we can write 


{4i/2— (4jp—7)2}{4i/2— {4p - 5)‘‘^} 

■ (^-3)(^^^(^. 


, and when 


u lu - {4p-^ir(4 p-^5r ^ 256 ( 5 ?-!)^ 

• \2p—S){2p—2X8zf ' 256(^)—1)V 




Thus the smallest term occurs approximately when 
{p-~lY=:z^ or p=l + l 2 ;|. 

If the j)th term is the smallest it will be ^ 1, and usually it is numeri¬ 
cally > If terms beyond the smallest are included in a computa¬ 
tion, the error steadily increases with increase in the number of 
terms. Thus by retaining only those terms as far as the smallest, the 
value of ^,,( 2 ;) can be calculated with an error not exceeding that term. 
The value of can be found in the same way. If z is fairly large 
and V not too large, ^^( 2 ;) and ^^( 2 ;) can be calculated to several decimal 
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places by using only a few terms of the series. For instance, when 
1 / = 1 and z = 10, the first term of ^^(z) and the first two of ^j,(z) gives 
a result correct to four decimal places. A series of this type is known 
as an asymptotic expansion. 

When z is complex, J^{z) and Y^{z) can be computed from the 
series for H^f\z), H^f\z), if desired, using the following relationships: 

JM = (56) 

3^(2) = -lim\z)-H<f\z)}. (67) 

The asymptotic expansions of the functions of the third kind are.: 


H^^\z) = J,(2)+iF,(2) = y^lje«-i-i-){?,(3)+i|,(2!)} (58) 


o-rsin0 


gifroos «-ie-l(2>’+lW{^^(z)+i^^(z)). 


(59) 


when ^7T, i.e. in the first and fourth quadrants where 

R{z) ^ 0, and z = = r(cos^+isin^). 


H<^>{z) = JA^)-iYM 


pTsmd 


My-" 


zCz—iTT—i 


i->{^,(z)-i^,(z)} 




(60) 

(61) 


V(Ji7r) 

when —^77 < ^ < 1^, i.e. in the first and fourth quadrants where 
B(z) >0. If 0 lies outside the range iiTr, it is necessary to use the 
formulae in § 5 as shown in the example given later on. 

The asymptotic expansion of Struve’s function [93] is. 

H.,(z) = TJz) + (- 2 r(v+i-r)(Jz)2"-‘'+i 


provided jB(tc+J— v) > 0, and the appropriate value of Yy(z) from 
above is used. 

By aid of the foregoing formulae, it is easy to find the limiting 
values of the various functions when r oo. Thus from (59) and (61) 
H^J^iz) 0; Hf\z) -> 00 when 0 < S < (63) 

JBr<i>(z) -> 00 ; H^^\z) ^ 0 when - < 0 < 0, (64) 

j6f<i)(z) _> 0; 0 when d = 0, i.e. z is real and positive. (65) 

IVom (56), (57), (63), (64), and (65) 

J„(z) -> go; Y,,(z) 00 when z is complex and — |ir< 0 <|ir, 

( 66 ) 

J„(z) -> 0; Y^{z) 0 when 0 = 0, i.e. z is real and positive. (67) 
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12. Example 

Evaluate E^{10+5^), 10~5i), F|( —10~5i). From 

Fig. 12 c and formula (59) we have r = Vl25 = 11-18, rsin 0 = 5, 
rcosd = 10« = 573°, 0 = 2G°34', W =- 13° 17', == 75°, 

^cos6^-|j9--|(2v+l)7r == 573°-88° 17' 484° 43', ^(Irtr) ==:■ 4-19, 


^z)==h i,{z) 


4v^~-l 

Sre^^ 


T2r 


hT 

- ^(oosO—isinO) 


72r 


== == -(5-56-2-78i)10- 

Thus 

^j(z)+*fi(z) = l-(2-78+5-56t)10-* == ’sxio-g-G 56xio-.t_ 

Now 5-56<= X10-3 = 19', so 


Hi»(z) = 


g-rain 0-2-78 < 10" 
4 .19 


gr{484®43'-19') 


4-19 


1484°24' 


== 1-609 X 10-3(-cos 55° 36'+i sin 55° 36') 

= 1-609 Xl0-3(—0-565+0-825H) 

= —9-09 X 10-«+1-33 X 10-3i. (68) 

^j(3)-ifj(2) = 1 +(2-78+5-56i) 10-3 + e3’8xio-+55(ixio-»f^ 

^5+278X10-=* 

SO ...g-i{573°+13nr-75‘'-19') 

* ^ ^ 4-19 

= 35-36|510°58' = 35-361 209° 2' 

= —35-36{0-8743+0-4853i} 

= -30-9—17-16i. (69) 

From (56) and (57) 

Ji i^) = = Wf(z) = -15.-45—8-58i. (70) 

ri(z) = ^siHfiz) = 8-58-15-45*', (71) 

since H^^\z) is negligible. From (18 a) 

' 4 (— 2 ) = e-l’^’'Jj(z) = 

— 17-68e^(3o»'>2'-6o”) __ 17.68|149°2' 

= 17-68{—cos30°58'+*sin30°58'} 

= 17-68{—0-8575+0-5145*} 

== -15-15+9-1*. 


( 72 ) 
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From (19 a) 

== from (57), since H[^\z) is negligible, 

= le^'^^Hf\z)—iJ^{z) 

= 17-68e^'(209'‘2'+i50°)_^^(^) ^ 17-68 l^'-aj(^) 

= 17*68{cos58'--isin58'}—iJ^( 2 ;) 

= 17*68(0-9999—0-0169i}—iJj(2;) 

= 17-68—0-299i—8*58 + 15*45^ 

= 9*1 + 15*15^. (73) 

The results are, therefore, 

J^(10+5t) == —15-45—8-58i 
F^(10+5i) = 8-58 — 15*45^ 

J^(—10—5i) = ~-15-154-9-U* 

I^(—10~5^) == 9-1 + 15-15^ 

This example has been worked out in considerable detail in order to 
show the rhethod of computation. The results were obtained by aid 
of a 10-inch slide rule, and are sufficiently accurate for the purpose 
of illustration. 


13. Bessel loud-speaker horns [2] 


The general differential equation for the propagation of sound waves 
in a very long loud-speaker horn with a linear axis is, for the steady 


state 


dx^ 


= 0 , 


(75) 


provided the sound pressure varies sinusoidally everywhere, which 
necessitates an extremely small amplitude [83]. is the velocity 
potential, this being a measure of the sound pressure at a definite 


frequency since p = Po^ 


ipQW<j>, Pq being the normal air density: 


A is the cross-sectional area of the horn at any abscissa Xq 

being the distance from the throat to the vertex (fictitious). The 
diaphragm is situated at the throat and vibrates sinusoidally with 
constant amplitude, k — mjc = 27r/A the phase constant, c being the 
velocity of sound and A its wave-length at a frequency a>/27r (see p. xi). 

Referring to Fig. 14, let the expansion curve of the horn be 

3837.5 L 
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A = where /i the flaring index is a real positive quantity 

and Bq is a constant. Then 

log ^ = log +ia log(x+Xo), 



Po 


0 



0] 




(C) 



Fig. 14. {a) Diagrammatic roprosontation of IoikJ- 
speaker horn. (6) Phase relationship bctwcou veloiaty 
potential particle velocity and sou ml iiressuro pj, 
at the diaphragm of a loiid-apoakor liorn when kxa <i I - 
(c) As at (6) when Jcxq^ 1. (d) As at (6) and (c), liiit 
for intermodiato values of kx^, {e) Vector diagram of 
mechanical impedance duo to air std; in vibrat ion ati 
diaphragm. cos(0i —Itt) ac‘,oustical 

power factor, (^i —^2 + 4'”') the angle between and 
Vq in (d), since — 11 ^^ritl 6^ is negative. 


so = H'hj> 

where y == x+^o- 

Substituting from (76) in (75) we obtain 
dy^ y dy 


0 , 


(76) 


(77) 


which is seen to be a form of Bessel equation. To solve (77) assume 
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^ = zy~'^. Then differentiating with respect to y we get 

y y^\y 


so 




vz 




Also 


^*'1 y y^ ] 


(78) 


(79) 


Ic^z 


Adding h^cf} = _ to the sum of (78) and (79) to reproduce (77), and 
multiplying throughout by y^, we obtain 


z''+(/[i-2>-)-+h2 

y . 


v^+y —vy 

r 


jz = 0 . 


(80) 


Putting fx—2v = 1, we get /n = 2p+l and v^+v~vfi == —v^. Thus 
(80) becomes 


(81) 


d^z 1 dz v 2 \ 

From § 2, Chap. II, the solution of (81) is seen to be one of the forms 
specified in (13) to (17) with argument ky. We shall take it to be 

z = A^Hi^\lcy)+B^Hf(ky). (82) 

Since ^ = zy"^ we obtain 


y 


(83) 


where y = (a;+a;o), and v = ^(/.c~l).t 


DetermiTiation of the constants and in (83), 

Consider the value of <f> at a distance from the fictitious vertex 
where 1c{x-\‘Xq) ^ 1. Substituting the asymptotic values of the Bessel 
functions from (58) and (60) in (83) the solution can be written 

where = J^cf*a:o-~(2v+i)W4]i and as x 

increases, = cosjfca;~isin^:a; the distance phase factor, repre¬ 
sents a vector rotating in a negative direction (clockwise), so that if 
the phase at x^ lags on that at Hence the second term in 
(84) represents a diverging wave travelling down the horn in the 
positive direction of x. In like manner the first term in (84) represents 

t It is of interest to remark that when v = —h *te honj becomes a cylinder, 
so £Co, and therefore y, is very great and ^ is independent of x, i.e. it is constant. 
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a converging wave travelling u|) the horn in the negative direc^tiori 
of X, which can be regarded as a reflected wave. We shaJI assuinc the 
conditions are such that the latter wave can be left out of account. 
Hence from (83) tlie solution of (77) for our requinanenis is 

^ (85) 

When there is a reflected wave, both terms in (83) must l)e used. It 
is sometimes convenient, however, to use the form 

cf, = Y^{lcy)} ( 8 (;) 

as shown in example 74 at the end of this chapter. 

To determine in (85) we have from (50) Chap. II, the air particle 
velocity o # 

= -B,{ky-^Il<r{ky - (87) 

Using the recurrence formula (74), p. 162, we obtain 

( 88 ) 

dy y” ' 

At the diaphragm y — x^,v — so 

B^ = v,xll leu'll,{kx,) 

= (89) 

where K, = v^lk\U'^^,{kx,)\, 6, = tan-4and 

Tims from (85) and (89), the velocity potential at the diapJiragm 
where y = Xq is 

<5^0 == (90) 

and 0^ — tan“^{—T^(/ciry)//^(/t:a::Q)}. From (88) and (89) the velocity 
of the diaphragm 

Vq == K^lc\H^;^l^{kxQ) 4„) (91) 

and {y = .Tq) 6^ = 6q = tan~^{~r^^i(A;a:())/J^^.i(fa^)}. Now the sound 
pressure isp = ipoojcj) (Chap. II, § 7), so we obtain from (90) 

Po = Po 0)1^0 (92) 

When IcXq^ 1, Y^{kxQ) and 5^+i(foo)—oo, so 0q, and .W. 
In practice this entails a very low frequency and a horn where Xq 
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is smail, i.e. the diaphragm is near the fictitious vertex. If for 
convenience the phase of is taken as zero, that of is also zero 
whilst that of is Itt as shown in Fig. 14 b. Since and are in 
quadrature, no power is delivered to the horn, and the pressure on 
the diaphragm is due solely to the inertia of the air [83]. 

When and v = |(/x~l) is such that == 1 and 

0 , Oq == $2 = —— — kXQ-jriTT-^^VTT, 

so 0j^—6q = ~itr; 92 —Oq = 0, |-7r = 0. Thus Pq and Vq are in 

phase, whilst by |-7r as shown in Fig. 14 c.- The power P 

delivered to the horn is a maximum since the power factor or cosine 
of the angle between Pq and is unity. 

At intermediate values of kxQ^ 9 q ~ 62 and the phase relationships 
are illustrated in Fig. 14 d. Sinceand are not in phase, the power 
delivered to the horn is now reduced to Pcos(^i—^ 2 + 2 ^)’ where 
cos(0i—^ 2 + 1 '^) < either the distance of the diaphragm from 

the fictitious vertex of the horn, or the frequency, dr both, increase, 
V being constant meanwhile, 6^—62 approaches and Fig. 14 c is 
obtained as before. 

It will be seen from the asymptotic expansions for and 

H^yli{kxQ) that the greater v, the greater must be kx^ to make 

^ ^ and ^v+i(^^o) ^ 

Thus if the flaring index of the horn fc = 2v+l is increased, the value 
of Xq must also be correspondingly increased if it is desired to keep 
p and V in phase. Since the diameter of the diaphragm is constant, 
this increase in occurs automatically. 

14. Relative performance of Bessel horns of different orders v 
The mechanical impedance due to the air set in vibration by the 
diaphragm consists of two components in quadrature as shown in 
Fig. 14 E. Thus (93) 

where is the resistive or load component due to sound radiation, 
and is the inertia or wattless component due to fluid inertia [83]. 
The higher the resistance relative to 12 :^ 1 ,-the greater the efficiency 
and the better the performance of the horn. In an alternating 
current circuit, impedance = e.m.f./current, so in the mechanical 
case 2 ;^ = Pq AqJvq, where Pq is the sound pressure per unit area on the 
diaphragm, whose area is Aq and axial velocity Vq. 
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From (91), (92) 

= Po AK = r,+ix, = P„CA „ (i»4) 

where c — (jojk, so 


and 




(94a) 

(94b) 


To compare the pcrforniances of horns with <lifT(M-ent rates of 
expansion, we fix the initial and final areas /!(,, Ai, also /, tlu^ distance 
between them, which must be such that the radius at the inoutli is 
not less than one-quarter the length of the longest wave to be repro¬ 
duced. This latter condition is imposed in order to reducx^ ndlection 
at the mouth to a negligible amount. 

We have Ao = A, = Bo(x,+iy, so IM'" .= 

•^0 0 / 

where b = AiIAq, Thus 

iTo = Z/(6fi/^-l). (95) 

From (95) it is seen that X(^ increases with increase in /x, so tlie dis¬ 
tance from the fictitious vertex to the diaphragm is augmented as 
shown in Fig. 14 a. By inserting the value of Xq found from (95) in 
(94) and taking a series of values of frequency, i.e. of Jc oj/c, it is 
found that at low frequencies rises relative to |z^.| with increase in 
V and therefore in g = 2i/-l-l. Thus the performance of tlu^ horn in 
the lower musical register improves with increase in tlui iiaring 
index yu. Curves illustrating this feature and calculated from (94 a) 
are reproduced in Fig. 15. 

From an analytical point of view it is imj)ortant to realize that the 
performance of a horn of great length (from A^ to Ai), using a dia¬ 
phragm of fixed radius, depends upon From above wo see tliat the 
greater Xq the higher the relative value of the meclianicaf resistance 
at the throat. If in Fig. 14 a we imagine a conical horn of very small 
apical angle, to be contained wholly within the horn of large flaring 
index, the former will have a slight advantage over the latter [83J, 
provided the diaphragm is the same size in both cases. But in 
practice, where the length of the horn must be restricted on account 
of economy of space and cost, a flared horn is vastly suiierior to a 
conical horn at the lower frequencies. In making this comparison, 
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the respective lengths, throat and mouth areas are equal in both 
cases. 

The effect of flaring is to introduce a very gradual change in the 
impedance offered to the sound waves, particularly in the neighbour¬ 
hood of the diaphragm.f In this way the wattless or inertia com¬ 
ponent of the mechanical impedance is reduced, and the load or 
resistive component is increased. 



Fig. 15. Mechanical resistance curves for Bessel horns of 
various orders. At a given frequency increases with the 
flaring index /a ~ 2v+l. 

Tq = pQcAQ\JyJ^l{kxQ)Y■^,(kxQ) e/^(^a7()) FJ,+1 )] / [ j {/.'aJo) | ^ j 


Formula (94) can be written 

^ ^i-ni /g0\ 

• (96) 

When kxQ is large we have from (60) 



-xQcxq 


~iTT-iv7r)|j 


4^,212 (4t,2_l2)(4^2„32) 

i!(8A:a;ot) 2\[%kxQi)^ 


If V is very large compared with unity the bracketed series is sub¬ 
stantially equal for v and v~{-l. Consequently (96) degenerates to 

2e = »•« = PoC-^o (98) 

so the reactive component vanishes, the mechanical impedance is 
wholly resistive and the power factor is unity. 

In practice the expansion curve of a horn is usually of the form 


t The impedance of a uniform tube of great length is entirely resistive. 
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A == and it is, therefore, of considerable interest to show that 

when the flaring index of a Bcvssei horn /t >co, th(‘ (‘xpansion curve 
becomes exponential, provided a certain (jondition is satisfied. Taking 
formula (95), we have 

b^lM = i + + so I) lofrb 

/X 2!\ /X I 

and Xq = /x//Iog6 p/jB, (09) 

where jS = == a constant, since in the above comparison with 

t 

varying fi, I is fixed. Prom preceding work />\, so 

A = Aq{1~\-xIxqY, Substituting for from (09) we ol>tain 


A = lim A, 


"(‘+ 7 )' 




where ^ is the flaring index of tlie exponential Iiorn. It will l)e seen 
that Xq, the distance of the diaphragm from the fictitious vertex, is 
now infinite. 

EXAMPLES 

1. Evaluate jE( —|, 3,1) and check by means of tho sorites. [32/l57r.] 

2 . Show that 

(a) F{h 1,2, -z) == (l/^)log(l+ 2 :); (b) F(-n, 1,1, --z) . l 

(c) F{a,p,^,z) == (l-2)~“; (d) hmF(Li^, L#) c"; 

^-->■00 

(c) 2:E(i, J,|,2;2) = sin~^2;; (/) sii'Xi, L 1 ,"■ tan-i;:; 


(g) lfF{y,z) ^~l"y'^2!y{y-|~l) ^3!y(y4-l)(y f 2]'"’ 
show that J^(z) == 1; 

3 . Show that F{oi.p,y. 1) = 

yiy-oL-p) ^ ' 


4. Evaluate 


hhb^)bdb. 


[4/37r.] 


6. Evaluate the following integral which occurs in an acoustical problem [5]: 
1 


jp{(x,p,2,b^)b’‘db 


■i,j8 = i. 


[2»/1067r.] 


6. Show [8] that J {l-b^smW)i dd = J, 1,62). 

^ rExpaixd and integrate.l 

7. Show [8] that 

TT 

J {6cos0+(l-62sin20)i}3d;d = ■7r{E(- |, J, 1,62)+|62E(-|, i, 2,62)}. 

® [Expand and integrate.] 
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8. Show [8] that J {6cos0H-(l — 


dd 


1 


n(n—I)...(n-y—1) 
P'- 


■pjp 




^ (n—p)...2 

2 ) = 1.3....W ' 

when n is an odd positive integer. The integrals in 6, 7, and 8 occur in 
finding the pressure at any point on a rigid disk vibrating in an infinite 
rigid plane. 


9. Evaluate 
10. Verify that 


J ( 1 - 2 > 2 ) 2 J'(-|, \,l,z^la^) dz. 

« 1 ) = 2 %^ 10577 .] 


9!V77 


(a) r(-v) = -^ 29 -: (*) r(-i) = -sVtt; (c) r(i+2)r(i-2) = 772/3^772; 

(d) r(f)r(J) = 277/V3; (e) r(72+i) = when n is a positive 

integer; (/) = 1.3.5...(2n—1); (g) r( 2 )r(— 2 ) = —77/2sin772; 


8 / 

--V,7. 


(h) Ti¬ 

ll. Verify that (a) r(22) = ^ ®' positive integer; 

2>«^-'r(2)r(2+i)_ 


(6) r(22) = 

. . 2 sin VTT 


Vtt 

1 


77 T{p)T{l-v) r{l + v)r(-r)‘ 

12. Evaluate r(|) and r(|). [2-679; 1*354. Use formula (15), put 

O' = — jS = — J, y = 3.^0, and calculate the value of the hypergeometric 
series. Then use the result in example 10 (d). The value of y can be 
J(7i+ 1), where n is a positive integer and nH-1 is not divisible by 3. The 
value chosen gives fairly rapid convergence of the hypergeometric series.] 

13. (a) Given that sinz = z | | —prove formula (12) in the text. 

m—l 

[Write TTZ for z and use formula (7) and example 10 (gr).] 

00 

(6) Prove that n(( -= 1, where y is Euler’s constant. 


OO ao 

(c) Show that J “ s J 


H^dt, 


[Use (10 a) in §2.] 


14. Evaluate 


OO CO 

(a) J e-^^dx; (6) | e-^" dx. 

0 0 

[(a) JV 77 , use (10 a) in § 2, put i = a:^ and 2 = i ; (6) r(l +^^j.l 


IVl 



^ r(i' + r+.J) (4^3_is)(4p.“-3n...|4^“-(2r-l)-} 

15. Show that (o) ^ = -.> 2 r,.h .. : 


e-‘'r~dt = Hiz) > -1. 


BESSEL FUNCTIONS 

r±k) 
r!r(iv—? h-5) 

00 

( 6 )/< 

0 

(c) 1£ p and q are positive integers, prove tliat [77] 

•n 

16. Evaluate (a) J e^<^o«^(cos2^—1) 


IV 


0 

in 


(b) J cos(2COs2^) 




17. Whm z is complex .show that Jy{z) can be put in the form 

( 


J,{z) 


(i^-r ("v 

r\v+i)\^m{ 


[cos(i/-f 2w)6>-f ?: Kin{i/ -1“ 2r/0^J} • 


This is suitable for compxitation when z is not hirgo tsnough for the 
asymptotic expansions to bo used. Find the vahio of Jj(l -)-»). 

[See example 12 for tho gamma function. A problwn of thi.s typo 
occurs in tapei’od loaded cablo.s, § 5, Chap. VII.] 

18. Show that 

(a) = e-“V_,( 2 ); (b) y,(- 2 ) = e«’'y,( 2 ) + 2 a..,( 2 ); 

(c) 3^_,(-2) = e-^^Y_,{z) + 2iJ,{z) {-tt < 0 =,< 0); 

(d) = -e-<‘”'fl'l?>( 2 e-«) (0 < 0 < n). 


19. Show that (a) H<”(-z) ^ 


e-W,(2)-j;(2)_ 


Sin VTT 

20. Verify that (a) == e^''^H;,i>{re^<^-’^>} + 2cos vTrHf 

(6) ‘’^>}H-2cos 

n 

21. Given that Jq(z) = - j dd, show by differentiating and tho 

TT J 
0 

TT 

integi'and with respect to z, that Ji(z) ~ dO. 

7T J 

22. Verify that 

a 

(“) J V(^^) ^ = tesin^); 

1 

(b) J (l — t^)cosztdt= ^( 27 r)s”Sjjj( 2 :). 
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24. Show that 


23. Prove that Ho( 2 ) = ^ ^ • C^se (7) or (15) Chap. III.] 


2 r rl ~cos( 2 sm^) 


z 

j = J H„( 2 ) dz. 


25. Verify that 


26. Show that 


27. Evaluate 


28. Evaluate 


29. Evaluate 


30. Evaluate 


'-dz = ^-H,( 2 )/ 2 . 


J 2 »Ho( 2 ) dz = 2 “Hi( 2 )- 2 z=Hj( 2 ). 

J e~wcos0cos2^ c?^. 

iTT 

J dB. [^[Ji(2)- iHi(2)].1 

o 

i3T 

J C-3izcos0cos20 

0 

[i^[.ro(32) - ? J,(32)] - i77i[H„(32) - ? Hi(32)] .] 

ilT 

J gia cos %in 6 Jo(6 sin B) dB, 


[yffiZsi 


^[<^r+l(z) + ®r+i(2)]- 


31. Plot 2 ;Hi( 2 :) from s == 0 to 12, using the tabular values on p. 176. 

di^ii 

32. Solve — 0 in terms of Bessel functions. 

[2i[.4i Jj(oz)+Bi J_j(a2)]; zilAMazi)+BiJ_^{azi)]. 

33. Plot J^iz) from s = 0 to 8 using sine tables. 

34. Plot J_x{z) from 2 ; = 0 to 8 using cosine tables. 

35. Express J 5 (z) in terms of circular functions. f/S \ . 3 ] 

l\z^ / z J 

36. Write down the series for J^(z). Calculate the values of Jj(l) and J^(2). 

See example 12 for r(^-)-3 

37 . Provo that (a) z"^J^{z) = J(^^{smz-zcosz); 

(b) J’e-^Joifiz) dz = J^i^) Je-V-j(^z)dsj. 

[See example 35 (6), Chap. I.] 

38. Find the least positive zero of J^^(z) by plotting a curve. 
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39. Solve § + l J +(l-p>/ -I- iy - .4,J,(.) + /^,:n(.) + H,(.).3 

40. Show that the maximum and minimum values of corr(?spond to tlio 

zeros of HqCs:). 

41 The accession to inertia, this being the added mass du(^ t o a fluid, of a rigid 


disk vibrating axially in a very largo flat wall is rtii 


^rrpod' 


where a = radius, = density of fluid, z - • /m, k - co/Cy c velocity 
of sound, a>/27r frequency. Show that, if a is constant, the maximum 
and minimum values of wq are given by 3Hi(2c) zl%{2z). 

42. Verify that the maximum and minimum valii(\s ot Hf^(z) correspond to the 

C} 

roots of Hi( 2:) = ~ (nee Fig. 13), and that the zeros of occur when 

TT 

z 

z = J H,(=) dz. 

0 

43. If Ho{s) “ 0*00404 and — 1*0113 wIk'u 4*32, show that 

lias a zero at 2 = 4*3332. 

[Use Taylor’s theorem/(s 4-^0 = f{z)-\-hf{z) when h < L] 

44. Show that 

(a) the points of inflexion of Ho(z) correspond to the maximum and 
minimum values of Hi(z). See Fig. 13. 

(b) Hi( 2 ) represents time.s the area | 2Ho(2) dzy i.e. that Hi( 2 ) is the 

mean value of 2 Ho( 2 ) over the interval 0 to 2 . 

45. Show that H,,( 2 ) is a solution of [93] 

i .. 0 . 

dz^~^z d 2 ^\ 2 “/^ r(ri.-h DVtt 

Show that y = A^J,,{z)-\-Bj^Y,,{z)-\~liJz) is also a solution, and write 
down the equation whoso solution is y ~ .di J„( 2 ) f i?iK„( 2 ) 1 ‘C\HJ 2 ). 

46. Show that J^{z) — Ili(-) == H_j( 2 ). 

47. Show that the solution of y"~[- ly'-\~{k--~ll4z^-)y -- 0 can bo written in tlio 

form y = AiYi{kz)"\~Bi'H._^{Jcz). 

48. Prove that Hj(2) = J 


^ 7 ( 1 ) I 


49. Prove that 


v(2.;.) j - 

(a) Jsin(W)dm = ^J 


sin 2 


dz 
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\KZZITT) 2 

( 6 ) 


= [ J-i(z) dz=^' 2 , J2»+j(2)- 

0 

50. Show that, when z is real and ^ > 0, 

(o) = 0; 

2!->0 2:i 

( 6 ) = 0 ; 

c —)-00 24 

(c) lim == 00 ; 

(d) = 0. 

S ->00 2 a 

51. By expanding into series and integrating term by term, verify that 


J ® - V77(o»+6“)'‘+r 


J '' V 77 (o» + 6 T-^r 

0 

Is any restriction required to make the integral convergent at the lower 
limit ? 


62. Show tha.t [93] 

53. Use the asymptotic scries to compute J3(12) and V 3 ( 12 ). [0-1951; 0-129.] 

54. Show tliat when |s| is large enough and — Jtt < phase z < Jtt, 

(a) Jo{z) = j{^oos(z—i7r); 

(b) Yo(z)^J(^~jsm(z-iTT); Y„(z)4= J(^jsm{z-i-rT) + 

+ (log 2 -y)Jo( 2 ) == y(^)sin(z-Jw)+y(^)(log2-y)eos(z-i7r). 

55. \Vhen (z) is large enough and — Jtt < phase z < Jtt, show that 

(a) H»\z) === ; ( 6 ) 

56. When |z| is large enough and — < phase z < Jtt, show that 

a—r Bind 

(a) H"’(z) = . -eifrooso-J8-i(2^+lM; 
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57. Using formulae (94 a) and {94b) in tho text, f)rov(^ that wlion Icxq is largo 
enough —> pocA^, whilst x^. ~> 0. Is it ru'ocsKary to rc^strict v to obtain 

these results ? 


58. Show that, when \z 
(a) m^>(z)Hn 


JI^JXz) //^z) 




is largo enough, 

- 

7TZ ’ 

If in formula (59) zi is written for z, show thal. tla^ aingular limits are 
—TT < ^ < 0. [Writ(^ (^7T I 0) for 0 and n^arrange.] 

59. Using example 54, show that wheat z is n^al, t he area iiudodtul b(‘tw(Min tho 

curve Jq(z} and that portion of th(5 .r-axis Ixitween any two (a)nsocutivo 

largo roots , i is approximately ziOn 1 ^4 11 )- 

60. When |z| is large enough show that, approximately, 

{a) J,(z) = (l/V2){Ji(z) + J_j(z)}; (6) Y,{z) {I/V2){Ji(z)~~./^.j(z)}; 


JM 






(e) 


yo(z) 


1 


y_i(z) V2 


(1 —cotz). 


61. When both limits of integration are positi ve and larg(t (inough, show iliat 

2 l 


P 

j zOo(2) dz = 


62. When s > 10 show that tho roots of 

JM = 0, y.(2) 0, 

4+i(3)r,(z) +J„( 2 )y„+i(z) = 0, and Ja{<fz)Y„(z)-J„(z)Y„{(fz) = 0, tp > 1, 
are given approximately by tho rospoctivti formulae^: 
z == 7r(m —J:4- Ja'); z = 7r(m+J + |j/); z ~ l(m-f v r 1)?^; z - 7nrrl{^~ 1), 
where m is a positive integer. 

63. Show that (a) Hq(z)—> 0, (6) Hi(z)—> 2/7r wlu^n z-'roo. Also show that 

= 0 has no positive root except zero. [Usi‘, asymptotic expansion.] 

64. When z is large show that 

4I/2--P , (4i/2„p)(4^2„32) 




and 


-■1 


l!(8z^) ' 2!(8z'i)‘'^ 

• VWz/ I ^l!(8zi)^ 21 ( 821 )” ^ 


(8zi) ' 21 ( 821 )” 

(4^2 - l”)(4v” - 3”)(4i/” - 5”) 


, I 

^ 31(822)” ' / 

65. Show that 

(a) when z is in the second quadrant, the asymptotic expansion of J^iz) 

can be written e'‘'+il«y(^){^„(2)cos(2+i7r+ir7T)-^(2)sin(2+i7r-l-J i/tt)} ; 



IV 


EXAMPLES 87 

(6) when z is in the third quadrant this formula holds provided the sign 
of the exponential is changed. 

[The asymptotic expansion (52) in § 11 liolds for — j-Tr < 0 < Jtt, as 
stated. Diametrically opposite in the fourth quadrant we have 
— 2 ; = where 2 : is the value in the second quadrant. From (18a) 

and the above result (a) follows immediately; 
(6) can be argued in like manner.] 

66. When 2 ; — x and y being large enough, show that^ approximately, 

(in the fourth quadrant) 
(in the first quadrant). 

67. The input impedance of a very long tapered loaded submarine cable is 

given by (see § 8, Chap. VII) 

Using the asymptotic expansion of J^,(z) in example 65(a), show that, 
when \z\ is large in the second quadrant, 

68. Show that, when |z| is large enough [52] and — Jtt < ^ < Jtt, 

V3 

Ji{z)J^{z) + J-i{z)J,i{z)4=—W 


69. Show that, when |zi| and [zgl are large enough [52] and —-Jtt < ^ < in, 

*^i{Zi)J^{Z^)~hJ-.tiZl)J-i(Z2) 

When Zi = z^ verify that the formulae in examples 68, 69 are identical. 


70. Show that, when /x = 2 (a conical horn), the solution of equation (77) is 
. Hence show that the velocity potential at a distance r 




from the centre of a radially pulsating sphere of radius a is 


a‘^ / 1 —ika ] 






-i/cCr-a) 


where U is the surface velocity — | . [Put y ~ r and a:o = 


71. The expansion curve of a loud-speaker horn of great length is 
A = i3o(x+Xo)® the symbols having the same meanings as in the text. 
Find a formula for the velocity potential cf> if the diaphragm velocity is Vq. 
If the root mean square value of Vq is 250 cm. sec.'^ find the sound pres- 
sure 350cm. from the diaphragm, at a frequency of 75 ^ {xq = 200 cm.). 
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72. The power delivered by the vibrating diaphragm to a Beswol horn of great 

length is the product of axial velocity, area, and tlie in-phase eoixiponent 
of the pressure. Show that the power is 

where the symbols have the same meanings as in tlit^ text. 

73. The equation of a Bessel loud-speakcT horn is .4 1 .q,)**, wIkto 

= 100 crn. Draw a vector diagram showing thcj ]>hase r(‘lationship 
between p, v, and cj), 200 cm. from the diaphragm at 100 ^ 


74 . The velocity potential at an axial distance x from the' verti!x of a horn 
intensifier, whoso expansion curve is A AqX, is 
<^=-{.4,Jo(^u;)+Ayo(^»x)}cH 

The horn is closed by an immobile disk at a distance from the v(a‘tex, 
whilst at a distance it is open to the atmoaphenq i.e. the length 


of the horn is Xo 


The acoustical impedance at a-j is inlinite, 




since all progress to the incoming wave is preventcjd. At the open end 
where x = Xg, tlie acoustical impedance is If the sound pressure 

p = the air particle velocity V = and the acoustical impedance 

= pjAv, where A is the cross-sectional area at a?, find the ratio of the 
pressure at the rigid disk to that just outside the horn. The pressure 
at just inside the horn is p^, whilst that outside is ^ 3 , so (P 2 —Pz) the 
fall in pressure is equal to 


{YQ{kx^JiiJkXi)~ Jaihx^Y^iJcXi)] -|- i 


PqO) 


{Yi(kx^)Ji(kx^)-J^{kx,^Y^(kx^)) 


The complete solution of the differential equation is required here 
owing to the presence of the reflected wave.] 


75 . In example 74. if A = then ^ J„(fa)+BiF„(/cx)}e“ pro¬ 
vided w is a positive integer other conditions 

hold and w = 3, i.e. n = L 



PqO} 

YJkx ) 

where 9 = • This is identical with the solution to 74 except 

that the orders of the functions are increased by unity.] 
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ADDITIONAL INTEGRALS INVOLVING BESSEL FUNCTIONS 


1. Example 

Evaluate [5] 


Jo(kz)(l—~ 
J \ d* 


,2\71+1 


: dz. 


n being Sb positive integer. This integral occurs in finding the 'acces¬ 
sion to inertia' of a flexible disk vibrating in a fluid. Substituting 


asin0 we obtain (1 


cos^0, dz = acosddd, whilst the 


limits of integration are now 0 and -Itt. Thus we get 

Itt 

I Jo(tesin0)cos2”'+^^sin0 dd. 

0 

Expanding the Bessel function, (1) becomes 

Jtt 




where y == ka. The first term in (2) is 


hn i-n* 

J sindcos^'^+^edO = - J deos8 = l/(2w+4). 


By the well-known reduction formula 


ilT 

J- 


m 


W dd = - I sin'^-'^d dd, 

2n+m+4 :, 

0 


In 

J- 


provided m > 0. 

Taking m == 2 we obtain 

in 

J 


2 

2 ? 2.+6 , 


in 


sin^6eoa^^+^6 dd — J sind. cos-'^+W d9 


0 

2 


{2%+4)(2m+6) 


For m 


3837.5 


1 = (2^(S"6j(^+4)- 


( 1 ) 




K 
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Using these evaluations we find that (2) can be written 

r 

J 2n+4l 2(2?^+6)^2.4(27l^-6){27^+8) 

Now 

so the bracketed series in (3) is 
Consequently 




>,n+2 


Ji 


T 


_l_ _ _I . . 

2«+2r(w+3) \ 2(2w+6) 2.4(2w+ 6)(2/i. + 8) 


C rn J. ^ 2»+2(w+2)r(n+2)a2 


or 


j jQ(Z;asin0)cos2"+%in^ cZ0 = 




V. 1 

(3) 


(4) 


(5) 


2. General integral 

The following integral can be established [93] in like manner provided 
the real parts of fx and r exceed —1 to secure convergence 

J J^(2;sm6)cos^/^+^6sin''+^0d0 = (fi) 

0 

Applying (6) to the preceding case, 2ju,+ l = 2n+3, so fx = ^+1 and 

V = 0. Thus we obtain -—^ this being identical with 

(5) except for the factor which does not appear in (6). The integral 
in (5) is required in finding the ‘accession to inertia’ or extra mass due 
to the cyclical flow of fluid in the neighbourhood of a disk vibrating 
in an infinite plane. The general form in (6) is known as Sonine’s first 
finite integral. 


3 . Example 

Evaluate J e®‘’™“®eos 0 sin 0 ^^(zsine) d! 0 . 

0 

Expanding the exponential function, we see that the general term in 
the integral is 

^ -y f JQ{z^m6)QO^^-^^dBm6 dd. 
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Using (6) we have v = 0, 2/^4-1 == or/x, = \n. Thus the general 


term is 


in^n 2^^r(j7^+l) 


n\ 




«4n+l(^)- 


(7) 


The complete integral is found, therefore, by putting w = 0,1,2,..., 
in (7) and adding the various terms. The result is of the form 
Ax+iB^ where 

Ki(2) I c,* Ji(^) I \ 

‘ 1 O T r* er • * * * | 


1.3 1.3.6 z* 




( 8 ) 


and 


^1 = 


— J^jz) ■ ] 

V\2/i 2 "^2.4 2.4.6 


(9) 


4. Infinite integral for product of two Bessel functions 

In certain problems in acoustical work, and in the applications of 
thermionic valves, it is necessary to use integrals of the type [93] 

J ' zf 2 %-^-Hir(v+i)r{i(/.-v+i 8 +i)} 

xF[Uv--ix-^^+lhU^+[jL-P+l); (v+l); b^/a^l (10) 
This result only holds when the integral is convergent, a condi¬ 
tion which is fulfilled when jK(j8) > — 1, i2(^+v—j8+l) > 0^ sind 
a > 6 > 0. To establish this integral and investigate its convergence 
is beyond our present purpose. Convergence at the upper limit when 
z->oo, can be investigated by aid of the asymptotic expansion (52) 
in Chapter IV. (10) is known as the Weber-Schafheitlin integral. 

If we put ]/ = 0 and /a = ^, (10) becomes 


or 


GO 

0 

f dz = lF{-^,+h h 1= b^l<F). (11) 

J (az)^^ 2f^r(iJL+i) a 


5. Example [5] 

CO a 

Evaluate J Jy(fcr) dk J jQ{kr)(l~-<^r^la^)r dr = x- 
0 0 

This integral occurs in determining the ‘accession to inertia’ or added 



92 BESSEL FUNCTIONS V. 5 

mass when a flexible disk vibrates in a fluid. Taking the first integral 

we have 


Xi 


[ J,,{Jcr)(l—(fr^/a^)r dr — j J^{kr)r d,r—(<?la-) j* J„(kr)r^ dr 

u u » 

ka ka 

1 J Jo{z)z J 


where z = hr. 

Using § 5, Chap. Ill, 


ka 


0 

Xi = 

CO 

Thus X = J 1(1-9) 


SO 


ha Jc^a^ 


J^{ka)J^(1cr) ^ J^{ka)J^{kr)\ 

l*a -. ~' (ka^^ ) 


( 12 ) 

dk. (13)t 


Using (11) the first term of (13) becomes 

Similarly, the second integral in (13) yields |yz 9 jF(— i, 1, r^ja^). By 
adding these hypergeometric functions we find that 

X = a{(l-cp)i^,+ §<pj?;}, (14) 

where = F{-h-ll,rya% F^ = J?'(-|,l, l,rya% 


EXAMPLES 


iw 

1. Evaluate J Jo{2:sin^)siii^cos®^c?<jS. 




2. Evaluate J Jo(2sin^)sin^(i<^ — J Jq{z sin(^)3m^ d(l>. ^ 

0 0 

3. Evaluate J J Ji(zsin^)sm^2<f> d^. j 


t It should bo observed that the variable is now Ic. 
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4. Evaluate 


in 

J Qm cos cos^d Ji{zsm6) dd. 

0 

1-71 = 0 


4+2{s). 


= (!•«+ivl 


5. Evaluate the following integral, which occurs in finding the inertia 

ponont of the velocity potential [5] at the surface of a disk vibrat 

00 a 

an infinite rigid plane: J dk J dr, 

0 0 

[aHE(-~i h 1, 1, 1, r^/a^)}.] 

00 a 

6. Evaluate [5] J J^{kr) dk j Ja{kr){l-r^Ja^)^+^rdr. 

0 0 

K T{n+^) ^~^h Substitute r — osinS.J 

7. Show that {0<z<l), 

J ^J(27tz) 

[See example 2 (e), Chap. IV.] 

8. The velocity potential of/the fluid in contact with a membrane 10 cm. 

radius vibrating in a large wall at low frequencies is given by formula 
(14) [5] when a = 10 and 9 = 1 . Plot a curve showing the relationship 
between x velocity potential distribution over the 

surface. Take r = 0,1, 2,..., 10. 

9. The following integrals occur in determining modulation products in 

telephonic [23] work: 

(„) (6) J^^dX. 


Evaluate these integrals when a>6>0; jn.+n-|-l>3. 

r 6"r{|(wi+n—1)} Im+n—l n—w—1_ 
4o^i,i!r{i(TO-n+3)} I 2 ’ 2 ’ 

6" r{|(w+ri—2)} / OT+n—2 w—m-2 _ 
8a“~%i!{r|(jn.—n+4)} I 2 ’ 2 ’ 

10. Show that J JJ^zco&6)cos”*'^ddd = 




[(1) Expand J^{zcos6) and integrate term by term. 
(2) Write (in—6) for 6 in (6).] 




VI 


LOMMEL INTEGRALS FOR PRODUCTS OF TWO BESSEL 

FUNCTIONS 

1. Consider the differential equations 

“‘S +** = 0. (2) 

These are identical in form with Bessel’s equation (11) in Chapter I, 
that in § 2, Chap. II just above (17 a), and that of § 4, Chap. IV, 


Multiplying (1) by yjz and (2) by xjz we obtain 

dx . /70 4 a /in\ 

xz^~+x^ = 0. (4) 

CLZ CLZ Z 

Subtracting (4) from (3) 

Multiplying both sides of (6) by dz and integrating, we get 
{¥-P) J {xy)z dz = 


Inserting y = Jy{kz), x = Jp(fo) in (7) we find that when R{v) > — 1 
(this condition being necessary to secure convergence of the integral 
at the lower limit),f 

(P-Z2) I J^{kz)JM^ dz = zlj^kz)^^^ (8) 

0 ^ ^ 

Now and ~ = kJl(kz), so on sub- 

dz d{lz) dz 

t The first term in the series representing the integrand is of order 2v+l- But 

j2,2v+2 

J ^2 = --- and this only converges when 2 0 if 2) > 0 or R{p) > — 1, 

a! v~|~ A 

unless V = - n an integer, >vhen and the integral converges for all 

values of n. 
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stitution in (8) we obtain 

J J^{kz)JJJ,z)z dz = (9) 

0 

Since J'^{z) is not tabulated, (9) can be put in a form amenable to 
numerical calculation by aid of recurrence relationships. Thus from 
(19), Chapter II, writing v for n and altering the argument accord¬ 
ingly. 

Jyikz) = —J^(Jcz) 
and Jl{lz) = 

Lz 

Substituting these values of J'JJcz) and J'(iz) in the right-hand side 
of (9) we obtain, with R(v) > — 1, 

I J^(kz)Jy{lz)z dz =: (10) 

0 

Again, from (21), Chapter II, we have J'y(kz) = —■^Jy(kz)+Jy^-^{kz) 

tCZ 

with a similar expression for Jl(lz). On substitution in (9) we get, 
when B{v) > — 1, 

J J^(kz)Jy{lz)z dz = j^^{lJv-iQz)Jy(kz)—kJy_i{kz)Jy(lz)}. (11) 
0 

From (9), (10), and (11) we see that the bracketed quantities are 
identical. 

In particular if in (10) we put v = 0, 

J J^{kz)J^{lz)z dz = p^,{^:yo(fe)«4(*«)-^)(*«)'^i(^)}- (12) 

0 

This formula is useful in problems associated with the sound radiation 
from membranes and vibrating flexible circular disks. The above 
expressions for integral products were first given by the German 
mathematician E. C. J. von Lommel. 

2. Example 

a 

Evaluate ® = J J 

0 0 

a 2'”' . J n 

The integral can be written ^ xJQ{kix) dx ^ dd. Writing 

0 0 
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2 ; = kxsincf} ill tlie exponential of the first integral and using (19), 
Chap. Ill, its value is 27 rJo(tesin</>). Thus 

a 

0 = 27r J J^(Icx^ii\(l>)J^^{kiX)x dx. 

0 

Using (10) and writing I = IcbukI), k = we obtain 

0 = -- ^ Ak^ J^^{ka sin a)—k sin (f> JAki a)Ji{ka sin </))}. 

ki—k sm-(j) 

At a vibrational mode of a circular niembraiic it was shown in 
Chapter I that jQ{k\a) = 0. Under this condition 

® sin ^). (14) 

This example pertains to the distribution of sound radiation from a 
circular membrane vibrating in a rigid plane of infinite extent 
[9, 16]. 

3. Special case 

When k ~l, the result in (9) assumes the indeterminate form 0/0. 
By using Taylor’s theorem it can be shown that when R{y) > — 1 

J z[J^{kz)Y dz = -Iz^ {J'(fe)}2+ U — yAiMfez)}^ . (15) 

In particular when v — 0, (15) reduces, with the aid of (20), Chap. 
II, to g 

J zJl{hz) dz = \z\Jl{kz)-\-Jl{kz)]. (16) 

0 

4. Integrals for any two cylinder functions 

By a procedure similar to that used in (1) to (9) the following general 
integrals can be established- 

j (i,{hz)%{iz)zdz = ^£yjM,(fe)G;,^,(fe)-Z(s;,(fe)£,+,(Z2)}, (i?) 

the bar signifying that the two cylinder functions are different. When 
k = 1, (17) is indeterminate, and in this case 

S 


J ^y{kz)^^{kz)z dz 

= M2£,(fe)C,(A2)-(£,_,(fe)e,^,(*2)-G,+,(fe)G,_,(fe)}. (18) 
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If (18) becomes 

J z(S.l{kz) dz = (19) 

These results are due to Lommei. 


5. Example [6] 

a 

Evaluate ^ YQ{k^x)jQ{kx^in(l>)x dx. 

0 

Using (17) we have = 0, (Tq = Yq, A; = k-^, I = ^sin^, so 

we obtain 

[ X Y 

F _ Psin 2 ^ sin cl>)Y^(k^ x) - k sin (jS Fo(^•l x)J^{kx sin cf>)} . 

From (3) and (5), Chap. II {x -> 0), the lower limit gives -,, - -« , so 

7r{k^~k^ sm^) 

/ Y,{k, x)J,(kx sin 4,)x dx - 

_ ^ jQ{ka sin cl>)Y^{kia)—k sin (j> YQ{k-^a)J-^{ka sin (^)}. (21) 

k\ — k'QiVi^cp 


6. Formulae for squares and products of Bessel functions 

In certain acoustical problems pertaining to the power radiated from 

vibrating disks, integrals of the type J dz, J — dz 

are encountered. These can be evaluated in the form of an infinite 
series. By multiplying together the series for the Bessel functions in 
the integrands the following results are obtained: 

r!(27.+r)!{('^Tr)!p ' ‘ 


_ V (-1)^(2!.+ 

r\{r(v+r+l)}^ ’ 

where (2r+2r)^ = (2v+2r)(2v+2r—l)...(2v+r+1). 


(22 a) 


(23) 


3837.5 


O 
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(-l)-'(/4+r+2r),(42:)/^+''+=’- 

* r!r(/x+?-+l)r(vH-r+l) ' 


Ja{az)J,{bz) 


(lazy(lbzy ^ (-lYilazyFi-r, -/i-r;r+l; b^a^) 


r(v+l) 


r!r(/x+r+l) 


where F denotes the hypergeometric function defined in Chapter IV. 


7. Example [7] 

Evaluate 


and show that 


Jt(ka sin . , ,, 

(to sm 




From (22) the general term in the*expansion of is 

(kasiiKp)^ 

^ n(te8in,^)^ (25) 

where IT represents the fraction on the left. Using the sine reduction 
formula we obtain 

n J (,kasin4,y'sin^d<l> = n(to)2’-J sin^+^dj, = 0 j 3 5 -^2^ 1)’ 


Now (2r+2)! in (25) = (2r+2)(2r+l)2r...3.2.1 

= 2^+i(r+l)!(2r+l)(2r-l)...5.3.1. 

Using this in (26), we obtain the general term in the expansion of the 
. . , . , , . (-l)''(i:a)2>- 


original integral, i.e. 


2(r+l)!(r+2)! 


C J\(ha sin . , ,, 1 V 

J TL-sInTr“^'^=2Z 


2 Z (r+T)T(r + 2 ) ! 


_ If 1 {kay {ka)* 
“■2\l!2! 2W'~3!4! ' 

In (27) write ka = z and multiply both sides by 2z^, then 


r Jlizsinj,) V 

J ~s>T~^ Zi 


(_l)r22r+2 

( 7 +Tj!(r+ 2 )r 
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EXAMPLES 


m 


so the identity is established. This latter piece of analysis occurs in 
evaluating the power radiated as sound by a rigid disk vibrating in 
an infinite rigid plane [83]. 

8. Example [7, 83] 

Show that Y = V ■ . — *- > '4'+i(22:)* 


We have ^ 

a 

and by integration 


2(r!)2(2r+l) zZ 

=2 

r=0 ' 

z 

T = i J Jo(2z) dz 


from (41), Chapter III. 


OO 


EXAMPLES 


1. Plot J„(z)Jo(2z)z from 2 = 0 to 6 and find the area between the curve and 

the z*axis using Simpson’s rule (or an alternative). Check by integration. 

[S[J-o(10)/,(5)-2Jo(5)J'i(10)] = 0-16.] 

a 

2. Evaluate J J^ihr sin <j))JQ{lr cos (j>)r dr if A; sin ^ 9 ^ Z cos 


Lfc^sin^^— l^cos^cf) 


{ksin^ Joila cos <l>)Ji(ka sin. (j>)- 


- Z cos ^ jQ(Jca sm<j>)Jj^(la cos ^)}.. 


Evaluate [6] 


a 

J Ja{ki^)Ya{h^)x dx. 

0 [ia2{Po(^i“)Jo(^i«)+yi(*i“)'^i(*i“)}-3 


a 

4. Evaluate [6] J Jo(*^sin^)ro(^i’')^<^''> }h¥=ksm<l>. 

b 

[ , L_ {kjlaJoika sin <f,)Yi{kia)-bJo(kb sin <f>)Yi{kib)] 

Ik^-k sm 4> _A:sin^[oro(fciO)Ji(fcosin,^)-6ro{fci&)/#6sin^)}.. 
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5. Evaluate 


I dr. 


Qa-I a) H 0 


7. Evaluate [7] 

iw 


[Integrals of the typo in examples 2 to 5 occur in fU^t orinining the distri¬ 
bution of sound from disks and membranes vibrating in an inlinite plane.] 

Jtt 

V JHx) 

6. Evaluate [7] 'sin(/> where .r ^ kaWm(j), z ka, 

J X* 

0 

fl 's;^ (-—l)’'(2rd-3) /? \ 2 r r / (0^)1 1 

jr ~0 

]■ where* - to.sin<ji. 

J ^ X^ X'^ X I 

0 

[1 ^ (■~l)V(r--l)(A:ap _ U I J 3 ( 2 ^-a)^ 2 1 6,/ ,(2ka )\ 1 

I 4 ZL/ (r+l)!(r-|-4)! ' 4l3(Ara)^ ^ (^•aj* L (A;a)“J {1 yi)‘* I'J 

r=0 

8. Show that 

[mJ,(nz)J,^i(mz)-nJ,(7nz)J^,^i(nz)] -== [n m 

9. Establish the identity 

J cos(,^-i7r) z J- 

0 

10. Evaluate J J,{kz)Y^(lz)z dz. 

[krZfi JAkz)Ym)-k Y,{kz),mz )}; -1 JAkz)Y,,S^)}\ 

z 

J Y%kz)z dz, 

[4zHy;(fe)- y,_l(fe)F,^,(^z)} ; Jz^ ( Y'/(kz) + (I 5"J(^--z))-] 


11. Evaluate 


12. Evaluate J Lr[,^^(2)7fp(z)2 dz. 

13. Verify that when and are different roots of either " 0 or 

Ji{k^ a) = 0, a 

J zJf^(kj^z)jQ(kzZ)dz = 0 . 

0 

14. If f{z) -- »where/l-i.../r„are the roots of = 0, 

find the value of A^, 

j a) | Multiply both sides by .«/<,(A^«-) 

L ^ ^ 0 -i 

and integrate from 0 to a. I 
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15. Show that 


" 2(h 


('/’+lj!(rH-4)! .5 • 


16. Show that [7] 


{r+2)!(r + 4)! ~ 2!'''3!j' 


17. Show that [7, 83] 


2 (^l)m.2n+2m r » -i / 

m!(2n+m+2)!(n+m+l)"" 2^n+ar+3(22)j/(«+l)2 


18. Show that 


[See worked example § 8.] 


00 y»-l - 

(r+m)l{r+n)l ^ r!(r+n—m)! 

r2=0 ^ r=0 

[Formulae of the type given in examples 15 to 18 opcur in determining 
the power radiated by flexible disks vibrating in an infinite rigid plane.] 

19. Verify that when 2 —> 0 the limiting values of the following are 
(a) zYfi(z) = 0; (5) z7i(z) = -2/7r; (c) zJ^(z)Yo(z) = 0; 

(d) zJo(z)Y,(z) = -2/7r. 


20. Verify the following limiting values when z-^0 and J?(v) > — 1, 
(a) kzJ,.i.j_(kz)Yy(lz) = 0; (6) lzJJJcz)Y,^.^{lz) = -{2l7r)(kllY; 

(c) lczJ!,{hz)Y^(lz)—lzJ^{hz)Yl,{lz) = “-(2/7r)(ib/Z)^ 


21. Verify the following limiting values when 2-^0 and E{v) > 0, 

{a) lczj;(kz)Y,{lz)=: --{IMikliy; (b) lzJ,(kz)Y;(lz) = {IMik/lY; 

(c) that (a) vanishes whilst (6) is 2 / 7 r when v = 0. 

[The results in examples 19, 20, 21, are useful in evaluating Lommel 

a 

integrals at the lower limit 2 : = 0. In the case of J J^,[kz)Y^,{lz)z dz the 

0 

lower limit yields a constant term as in § 5. If Yjjlz) is replaced by J^(iz), 
the integral vanishes at the lower limit. See also examples 16,17, p. 115. 
When k I the procedure outlined in example 43, p, 154 is used. It is 
well to visualize a Lommel integral as an area of integration. The value 
at z = 0 is then seen to depend upon the forms of the functions in this 
neighbourhood.] 



VII 

THE MODIFIED BESSEL FUNCTIONS I,{z) AND K^(z) 

1. The differential equation for I^{z) and K^{z) 

In Chapter II it is shown that the Bessel functions Y^{z), J^^(z) 

are solutions of the differential equation + " fl- 


If z is replaced by zi, we must write for and —- 

^ dz dz dz^ 

Making these substitutions the above equation becomes 


for 


dz^' 


dz^ z dz 



0. 


The solution of (1) is 

y = A^J^{zi)-YB^J^^{zi), 
when V is non-integral, and 


( 1 ) 
(2) 
(2 a) 


when r = n an integer. 

It is often desirable in applications to present the solution in real 
instead of in imaginary form, so that the Bessel functions must be 
modified. Since == is constant for a given order v, i^^J^(zi) 
must be a solution of (1). When 2 ; is real we write I^{z) = 
this being a modified Bessel function of the first kind of order v. It is 
easy to show from (16 a), Chap. IV, that 


/ 


«=2 

r=0 


(|z)' 


iv+2r 


r!r(j/-l-r+l) 


(3) 


When V = n, we have 

4 ( 2 ) = 

Writing —n for n we get from (17 a), Chap. IV, 

4„(z) = == i^{—l)^J.„(zi) 

= 

so = 4(2)- (4) 

This relationship can also be established by aid of (3). We also see 

4(-2) = (—ir4(2)- {4 a) 


from (3) that 
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Since n 

j —_(1^)_ f ddiwhen R{v) > — J 

V7rr{v+i) J 

0 

[(30), Chap. IV], we find on substituting zi for 2 j that 

TT 

4(2) = i-’4(2i) = j 

0 

Also 4(2) = (5 a) 

The second solution of (1) is defined to be 

A (z) = (6) 

' sinvTT 

K„(z) is known as a modified Bessel function of the second kind of 
order v. Since /_„(2) = 4(2) and sinvir = 0 when v = n, an mteger, 
K„{z) is defined as the limiting value of the fraction in (6) when v -> » 

(see (112), p. 165). . 

As in § 5, Chap. I, the condition to he fulfilled by the two solutions 
of (1) is that W{yi,y^ i- 0. The solution of (1) can be written in 
various forms thus: 


y = 

always 

(7) 


V non-integral 

(8) 

y = A^ln{z)'\-B^KJ^z) 

V = n an integer. 

(9) 

It can be shown that 



K^,{z) = K,{z) = 


(9 a) 

When the differential equation is 






the solution takes one of the forms (7), (8), (9) in which hz is written 
for 2. The recurrence formulae and the asymptotic expansions for 
4(2) and K^{z) are given in the list on pp. 163, 165, whilst hot 

functions of order zero are plotted m Fig. 16. 

Having introduced the principal Bessel functions, we can give 
various pairs which constitute f'^'iamental systems of soluto a^^ 
follows: ( 1 ) 4 (.), W; ( 2 ) IJz), KJz); (3) f» 

4(2); (5) •^v( 2 )> J-„(z); (6) 4(2), -S^»( 2 ); (V 4(2), 4,(z), ( ) ^ ()= 
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2. Equation whose solution contains four Bessel functions 
In determining the (unplitiide of n eontrally driven fkvxible flisk 
vibrating symmetrically m vacuo, witiiout inherent loss, the following 
equation occurs [7^]: 


db/ 2 (Pi/ 1 d-i/ I dy 

+ . -a, /rrl- 


( 10 ) 


Now the expression 






Fki. K). I’ho inodilitvl Bos.sc*! rniictioiiH /„(,:) itn<l /\o(-)< 
Kq{z) is asymptotic to lioth axtbs; tlio fuiu'tion.s aro not 
oscillatory. 


is equal to the Icft-luind side of (10). (Vuiseciueiitiy the e({uatiori can 
be written 



1 d 
zdz 





0 , 


(11) 


or (02_i)(02q_i)y 0, (Ila.) 

wherof 0- — ~+- y-. 

dz“ z dz 

If a function y satisfies 




+5s;+‘l» = '> 


(1^ 


t (“)“ is an operator, not a multiplier. 




VII. 2 


and 


MODIFIED FUNCTIONS /^(s) AND K,{z) 
(dz^^ldz 


105 


(13) 


it must also satisfy (10) and (11). 

Now the solutions of (12) and (13) are, respectively, 

and 2/2 = C^Iq{z)+D^Kq{z). 

Thus the complete solution of (10), which contains four arbitrary 
constants, is 

y = yi+y2 = Jo(2^)+^xro(^)+Oi/o(2)+i)ii:o(^). (u) 

When the last term in (10) is replaced by k^y, the argument in (14) is 
Icz. Expression (14) gives the ampMtude of a disk driven harmonically 
in vacuo. The constants A^, are determined to comply with 

the conditions at the edge and at the attachment of the central 
driving mechanism. The drive may be on a tiny circle at the centre, 
or on a relatively large one, in which case the disk is to be regarded 
as an annulus. The same differential equation is applicable in both 
cases. 

3. Example 

If the relationship between grid voltage E and current / of a 
rectifying valve is / = find the mean and root mean square 

values of the current when a sine wave voltage E = E^qo^cdI is 
applied across the grid and cathode. 

The current I = , where B == (x>t, so its mean value over 

a complete cycle is 27 r/w it 

/mean = £ J ^ J (^5) 

0 0 

Putting V = 0 in (5) and remembering that r(i) = Vtt, we have 

TT 

i^{z) = ~Jde, 


SO that 
Also 


Hence 

3837.5 


■^mean — 

27r/a> 


( 16 ) 


P 


O) 


J Pdt = ^ ^ gibEoCosO 


= AlU2bE,). 

4m.s. = AJl{2bE,). 


(16 a) 
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4. Example 

Prove that 2 > J,^(z)iiO^ nO. 

Prom (13), (3iap, ill, 

.^z) + 2 2 i'^J,,{z)co^n(). 

n \ 

Writing —iz for throiigliout we obtain 

gccoK^ 2 — nO. (17) 

n l 

Prom (4a), (4iap. II, =- ( - i )”'l ,(-0 

On substituting this value of t/,i(-”~-/-) in (17) the above (*x})ression 
for is obtained. 

5. Electrical transmission lines 

The solution of the equations for a uniform linef involves the hyper¬ 
bolic functions sinh Pir, cosh /^.^;,etc. wliere P - {(R | k/jL)(G- 
is tlie [iropagation coeflicient of the lin(% and x is th(‘ distance from the 
sending end. As siiown in § h, Chap. IV, these functions are |)articular 
cases of Bessel functions. In modern practice it is customary to 
doad’ cables by wrapping the cmitral cop|)er conductor with very 
thin magnetic material of liigh initial permeability, of the order 4,000, 
thereby increasing the inducta-nce to many times its original value. 
The sending current at the Tioml end’ of the line is usually large 
enough to increase the magnetic flux in the loading material to sucli 
an extent that the permeability is altered appreciably. With a sine 
wave current of large a.m])litud(^ tlu^ loading material ma y ap})roaeh 
magnetic saturation, so the efh^ctive induetance and ctTcHitive resis¬ 
tance vary throughout a cycl(\ Tims in the licad end of the cable 
the value of F changes througliout a cycle, signals are distorted and 
alien frequencies are created. In duplex working, i.e. simulta/ncKius 
transmission and reception, which is the most economical procedure, 
the receiver is connected across a bafanced ])ridge. The; cal)le also 
goes to one corner of the Inldge whilst an artificial line is joined to the 
other corner. It is necessary to have a good balance so tliat the re¬ 
ceiver is immune from serious interference due to the transmitted 

t A lino whoso inductance L, capacity C, resistance R, and Icakaneo G, all taken on 
unit length, are constant. 
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currents. This condition can only be obtained if the electrical charac¬ 
teristics of the cable are matched by those of the artificial line. This 
is a fairly simple matter in the case of an unloaded cable, but an 
accurate balance cannot be obtained with a heavily loaded cable at 


t 



Cable sheathing 
earthed 


Fig. 17. (a) Schematic simplified diagram of electrical transmission line with 
graded loading and earth return. Ai — unloaded, ~ linearly tapered loadirig, 

Oi, C\^ — heavier linearly tapered loading, D =■■= constant loading > C\, Co. {b) Senes 
impedance Z and shunt admittance Y. (c) Schematic diagram of twin-core cable 
where the combined go and return series impedance Z and shimt admittance Y per 
unit length are ec][ual to those in {b). The analysis is identical for {b) and (c). 

the head end of the line. To obviate this difficulty both ends of the 
line are either unloaded for a certain distance or loaded with special 
material of low permeability which does not vary with the sending 
current. To avoid an abrupt change in L and R, the loading is graded 
(see Fig. 17) and increases with the distance from the transmitter. 
In lines of this type the solution of the differential equations usually 
involves Bessel functions. 
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Let I and E represent, respectively, the current (sinusoidal) and 
potential difference at any point distant x from an origin (sometimes 
complex) whicli will be defined later, whilst Z is the variable series 
impedance per unit length due to resistance and inductance (Fig. 17). 
Then the impedance of a length dx is Z dx^ and the corresponding 
potential difference —dE = /Z dx 


or 


d^ 

dx 


/Z, 


(18) 


the negative sign signifying that E decreases with increase in x. 

If Y is the variable shunt admittance per unit length due to capacity 
and leakance, that due to a length dx is Y dx. The corresponding 
current is 


or 


~dl 

dx 


EYdx 


= EY. 


1 dE 


Substituting / = — ~ from (18) in (19), we have 

JL/ (tX 


jlji 

dz\Z dxj 


-YE = 0. 


(19) 


( 20 ) 


Performing the differentiation indicated in (20), we obtain 
Z dx^ Z^ dx 


-YE = 0 


or 


dHU 

dx^ 


^d^ 

' Z dx' 


-YZE = 0. 


( 21 ) 


Before (21) can be solved we have to insert the values of Y and Z as 
functions of x, the distance from the zero point. Let us write 
Z = Zj and Y = Y^ x^, where the indices a and jS are constants. 
Using these values of Y, Z in (21), we obtain [51] 

dx^ X dx 

Y^Zj. Substituting E 
dEdz 


where y — (a+jS) and Jc\ 
we have 


( 22 ) 

yz'f* and x z^^ 


d^ 

dx dz dx 




(23) 


oidE 
X dx 






I 


so 


(24) 
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^ ^(^\—=tll{zP-(i+^’'+{2p—q+\)z'P-«y'+p{p—q)^^~^~^y} 
dx^ dz\dxjdx 

^ ^'':^j2/"+(22i-g+l)^+J)(l)-S)|j, (25) 

and -kloerE = -kj^+Py. ( 26 ) 

2 P- 29+2 . 

Adding (24), (25), (26) and dividing throughout by —^—, we obtain 


2/"+[2p-9(oi4-l)+l]|- q^k\^^^+y^- 




-jl/ = 0- 


Putting 2p-q{oc+l)+l = 1 and g(2+y)-2 = 0, we get 
p = (a:+l)/(a+i8+2) and q = 2/(od+^+2). 
Consequently (27) can be written in standard form, thus: 

^^ + l^_(p+"-!V=0, (28) 

dz^^zdz \ 

wh.™ i =. and - - P - Afe- 

Where ic a+^+2 a+P+2 

From § 1 we see that the solution of (28) is 

y = AiJ^(kzi)+BiJ^^(kzi), (29) 

when V is fractional. 

Since = yzP and a; = z-’, (29) can be written m the form 

E = xWslAi J„(toi'«i)+J5i J-v(^-^^'®»)}- (^®) 

To illustrate the preceding analysis, we shall consider some 
particular cases. 

6. The uniform line 

When a = iS = 0 , Z = Zi, Y = Y, both being constant throughout 
the cable. Also r = I and g = 1, so 

E = xi{AiJi(kxi)+BiJ-i{kxi)}. (^ 1 ) 

Using formulae (28) and (28a), Chap. IV, we obtain 

== J.2sinliPa:+-B2COsliPa:, v 

where P = i - ,/(Y,2,) “ V«G+i»C)(R+“l'»’ 

this being a well-known result usnaUy derived in a much simpler way. 
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7. The Heaviside Bessei line 

Ill this case oi - ” —1, P h so y -- p 0, q — 1, Z - Zj /j\ Y - Yj a; 
and h ^/(Y^Z^). TJuisfroin (30) 

.^l, -/o(A^r) -| />\ A;(Ar), (33) 

where A: is complex and x is measured from 0. Su|)pose an e.m.f. 
is applied at x =- a, and that tla^ eahk* is eartluMl at x h wluac^ 
a > h > 0. Then 

Ao-^i/c,(A-a) + A,/^„(Aa) 

from which we obtain 

B, Ao/()(/^'M/[/()(A'^>)A^)(Av/)-- /«(Ay/)A',(A/;) |, 

rT 1.1 [ /()(At)A()(A 7>>)A ()(Ar) lojk'h) [ 


giving 
From (18) 

_ 1 (IE 
Z lit 




7 ^ ^ ^ - F //YA r/,(Avr)A;(A7>)H~A^(/r:r)/,(A7>)] 

Zd.r . Zj d.r Wlz/ ,/,(/•/>)A',(Av/) E,(l'h)f,a-a) * 

(3o) 

8. The linearly tapered line 

In this case we have to introduce a complex origin sim^e the imped¬ 
ance at the beginning of the tapered ])ortion is not zm’o. At the lu‘ad 
end of the line we can assume there is 100 nautical miles of unloaded 
cable, this being followed by one or mon‘ tapered loaded s(‘etions 
(Fig. 17), the system being electrically symmetrical a))out its g(‘o- 
metrical centre, d'ho series impcalance per unit length at the begin¬ 
ning of a tapered section is Z^^ whilst at a distajie(‘ / 

therefrom, Z == Z^+Zj^/, where Z^ --- + the increase^ in im- 

Z Z 

pedance per unit length. If we write Z — Z^,r, we ged x ~ - ^ Jll. 

Zj^ 

Since Yq = Go-j-fcoCQ is substantially constant throughout the ta |)er(‘d 
section, we find that [52] 

a = 1 and jS = 0, so V rr=: p r^r q -trr. /. “A(Y„Z 


/. nv^lYoZ,), 


and froni (30) 
From (18) 


E rr-. T{AiJ^(tvH)+B^J._-i(kXi)}. 


1 ^ 

Z^x dx 


{/I I J. i^(r) —- />! 'A^(e)}, 


by differentiation and the use of recurrence foi imilae. (/ 
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(37) 
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Thus I 

where v = kxH. 

A complete solution of the problem where the cable has several 
sections (Fig. 17) involves the theory of electrical networks which is 
beyond the scope of this book [52]. By way of illustration, however, 
we shall find the current at the beginning of a very long isolated 
tapered cable. Here Z -> cc, so rr -> oo, the current / 0, and from (37) 

(38) 

To detei*minc we use the asymptotic expansions, but it is first 
necessary to know in which quadrant v resides. Since 

^ = §V(Y„ZJ(Z+Zo/Z^)'^' 

we see that when Z -> oo the phase angle of (Z+Zq/Z^)^ is zero. Thus 
the phase of vis 9 = -l-Tr-f-K-W—tan~iGo/6uCo) + |(.W~tan“^R^/ajLj^). 
From data given below, == 0 whilst Gq a)Co, so 0 = rr—e, where 
e I. Now when — Jtt ^ ^ we find from § 11, Chap. IV, that 




^~jcos(s—I tt— iv7r). Following § 5, Chap. IV, and shifting 


the phase of by tt it becomes —e and we write s = which 

gives or 

y. 


ttvI 


(r+J tt + ivn ), 


J,{v) = 

since cos x = cos (—a;). Applying this formula to (38) we obtain 

Bi = Ai 

Since the imaginary part of v is positive and very large, the terms con¬ 
taining are evanescent, so 

or Aj^ = (39) 

When Z = 0, B = Eq, so from (36) 


■e-J’"'cos(»+^7r)"| _ ^ 

■ g(u + li^ tt) i g -(y + iW) i ■ 


g(« + k TT)i g -(y + & rr) i 


or 


= Eo/^lei^^Mvo)+J-iMl 


(40) 


Substituting the values of A^, 5, from (39) and (40) in (37) and put 
ting X = Xq, we obtain ^ flYA 1 


K 


9o 


- /(^\- 
VlZo/<Po’ 


(41) 


wliei’e 
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• 71 :) is known as the input impedance. For 


?)■ 


so the influence of tapering the cable is 


to introduce the factor (po whose value we shall now calculate, using 
the following data: a>/27r == 33 = 4*2 ohms, Lq = 87 niilli-- 

henrys. Go = mho, Cq = 0*34 microfarad, 4= 0, 0*586 

millihenry, all taken per nautical mile. 


9. Calculation of u. 


3 Z. 


Yq = Gfl+iwCo == 70-5 X since Go is negligible. 


Thus 


Yi = 8-4xl0-»|45°. 


Z(, = Ro+iwLo = 4-2+18-H = 18-6 178° 55' ; 
so Zl = 801 115° 23' . 

Za = Ra+^'^^L^ = 0-122|%^ 


(42) 

(43) 

(44) 


Hence 


2YiZli 

Vn = „- 4 r-- = gX 


3 Za 

We also have 


2 .8*4x10-3x80, 
‘0*122 ' 


45°+lb5°23' + 00°-~-90® 


= 3*671160° 23' (second quadrant). 
= Zo/Z^ = 


(45) 


= 152 113° 5' (fourth quadrant), (46) 

this giving the complex origin, the units being nautical miles. 


10, Simplijfleation of expression for % and numerical evaluation 

Since ?;o second quadrant we have from example 65, Chap. IV, 

JvM = e«+‘’)’»y|Aj[C^(Uo)cos(%o+4v7r)-|„(Uo)sin('Mo+W)], (47) 

where = (Uo+iw). 

Applying this to the denominator of the expression for <po and re¬ 
membering that == we obtain 

= e!’"tCiCOs(Mo4-|n-)-|iSin(Mo+j7r)]- 
cos(Mo—Itt) -fiSin(tio—J tt)] 
_ (48) 
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this result being found by expressing the circular functions as ex¬ 
ponentials. 

In like manner we find that 






Taking the ratio of (48) and (49) we get 

— = [Ci(«o)+*^i(«o)]/[^|(«o)+ili(uo)]- 
9o 

Using the asymptotic expansions in § 11, Chap. IV, we have 


(50) 


. 4= 1- 


5X77 


162X64^2 




7X65 . . 7 


from which 


0-081 0-167^ 




0*081 
‘ 13*5 


320° 46' 


162 X 642;5 
0-167 


nva 


3*67 


70° 23' 


To 

using (45), 

== 1 —Q.QQ6 |39° 14' —0-0455 |70°23' 

== 0-98+0-039^ == 0-981| 2°17' . (51) 

Hence substituting in (41) we obtain the current into the cable 




o\o*981l2°17', 


(52) 


from which it appears that the influence of tapering is to reduce the 
current 1-9 per cent, and to advance its phase 2° 17'. 


EXAMPLES. 


1. Solve f|+-^-F 2 / = 0. 

dz^ z dz 


ly = AilQ(kz)+Bj^Ka(kz).1 


2. Solve g+if-( 3 +^) 2 /= 0. 

ly = 4iZi(zV3)+Bii5:5(zV3), or 2 / = AIi(zV3)+Bi J_i(zV3).] 




0 . 


_ , d^u , 1 du 

3. Solve -rvH— 3"' 

dr^ r dr 

4. Solve + 


[w = AJ^[krii)+B^K^(krii).2 


^ - d^v . 1 dv V 

6. Solve -5 “ 7 37* 

f j St 


dz 

ly = AiJo{kz)+BiYa{kz)+CiIo(kz) + D^Ka{kz).J 

^ [m = {AJ^{krii)+B^K^(krii)}e^, 


k = Substitute v = where a is a function of r, but not of t.] 

137.5 Q 
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6. The electric E in the wea aroimd a sut)inarine cabl<‘ is found from tlie 

di&'rential (iquation [28] 

I icXE I c/“U . . 

—^ -j- -rrii;- - '*7rAacoE‘i <). 

c'f ‘“ r cr r- 

If “ 0 wIk'H r is infinite, i.e. the. iield is livunesci'iit at an iidinite dis- 
taiKXJ from tiio cable, show that 

E x4o K^{kr) -f /vi(A:r)cos^ | A^ K.^{kr)ci )s 2r/j 1 , 

where k^ ^ - 47rA/xaji. [SubstituU' E x whi^n^ x h 

function of r but not of </>, and })ut n i), I, 2, etc.] 

7. Solve [03] tiie following (H|uation, whitdi occurs in a, problem tm heat 
(Ed I <W 


conduction: -| - *• — k'^0 

dr^ r dr 

.dO 


^k\ [0 1 I A,J,{kr) 1 U.AVAr).] 


If 0 wlu‘n r (ly and 0 is iinite when r 0, show t hat 

dr 

e =- l-\bI^(kr)j[U^{k-a)-\ bl^[ka)}]. 

8. Solve -- 0. wlKT(. ^ ^ yz. y, - : [A, /,(/.-) - 1-^1 


9. Show that 


0 can bo written in t he fori 
~ j m : 0, wh(T(,* tu 


dx 

d^nr I dm 
dxA .r dx 
Hence solve the oi'iginal (ajuation. 


10. Show that 

dz^ z dz 




1<I> - je-r))-] 

y 0 c,‘an be written 


11, Solve [74] the following different ial equation for the lateral vibrations of a 
conical bar 

1-2)]7/ - - 7y, wlu‘r(^ & - "JI* 

i {,4.1 Jjj( 22^) -f-Ai y\(2z^)~\-^i /2(2s^)d /A A^(2c-)]. Factorize and 

substitute v ~ tlieii y -- 

The original equation is equivalent to j ' -“i/- Continn tins 

equivalence. 

2. The transverse vibrational amplitude of the axis of a conical bar [74] 
clamped at its Vmse, ^ ™ wh(‘re 2 ^/j//(/--a*).h 

being the distance from the base, I the axial )t‘ngth, and h a dynamical 
constant. If ^ ^ 0 when a; 0, find C^, 

\c - - WiM so ^ f [ / (^)- '/ (-)l /.d 
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VII 

13. Show that 

(f) By^ IJnt)oo&nd I C^^Kj^nt)^mnd; Dy^K^{nt)(iosnd 

/ c\'^ 

are solutions of y == write the solution in com¬ 

pact form. 

[Expand the first term using the operator ^ = tcjdt twice as indicated, 
then substitute ^ — x where x ^ function of t but not of 9. 

2 a^/,^( 9 ^^)sin(n 04 -an)+^l^«(^Osin(^^+iSrt), where +5^); 

K = oc^ = tan-iSJ.4„ 

14. Verify that {a) l^(zi) — Jo{z); (b) I^{z) = ^^^^sinhs; 

iif 

(C) J^^iz) =. y(l)cosh2; (d) J lQ{zoose)co&9de - 

0 

[Compare ( 6 ) and (c) with (23), (24), (28), (28 a) in Chap. IV; 

compare (d) with example 17 ( 6 ), Chap. I.] 

15. Verify that (a) 2 X 1 ( 2 ) -> 1 as z 0; ( 6 ) X^( 2 ) == K^^{z) — 

16. If X(v) > — 1 and Jc^ 9 ^ P, show that by writing li for Z in ( 1 ), Chap. VI 

J J,{kz)KAlz)2 dz = j^,{lJXkz)Ki{lz)-kK,{lzmkz)}+^^ 

0 

= - j^AkKAlz)J,-i{kz)+lJAkz)K,_,{lz)}+^^. 

[The constant term is obtained on insertion of the lower limit, the 
approximate values of the functions when 2 —> 0 being used.] 

17. When B{v) > — 1 show that by putting l^,{lz) = i-^JJJzi) in (9), Chap. VI 

z 

J J^{kz)J^{lz)zdz = j^^{lJ^(kz)r^(lz)-kI,(lz)Jiikz)} 

0 

= pfiS IJLlz)J.^Akz)+l J,(kz)l,^^(lz)} 

= - hmJv-z(kz) -1 JAkz)I,_Al ^)}. 

18. Show that the Wronskian determinant (§ 5, Chap. I), 

W{lAz), i.y(z)} = 

Given that the determinant is also equal to — 2 sm vTTjirz, show that 

r dz 

J 


'TT I_v{z) 

2siny77 Iy{z) ' 
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19. Given that - 

W{K,(z), i,(2)} =- J/-, «liow lliat J - 1A~)II<A~)- 

oxiirnplo IS.] 

20. Verify that | fy.,,i(5)/v,(2) ^ ■ \jz. [See example 19.] 

21. Using the Wron.skian determinant in example I9.sli()w- that 

f _ & _ , „ l,(z) 

J 2/cX2)/,(”) '’'"/C.fy)- 

22. Verify that u = /o{(-^“2/“)®} solution ol — — 7 - 7 , h- 

23. Show that ^ satisfied by | ^ /oK^o" j 7;-)4}. 

do)^ drj'^ 

24. Show that —-- — Ja; ~ 0 is satisfied by x -■ Joy{{y- oc){z~- l^))]. 

dydz 

25. Verify that — \I„J^z)—IJ^z)]lHmv7T. 

26. Show that K^(z) = i7ri[±io(-)4-^i"o(±-^).l- 

27. Verify that K^,(z) = ^ - - ^ 77 ^“*'' 

[800 § 5, (diap. IV.] 

28. Show that (a) JVj,( 2 ;) = ^ Ui%{zi); (6) —i7r/^(z). 

29. Show that thence tiiat 


-"4(2) = I 2-"4 ^i(2 ) dz. 


[Seo formula (24), Chap. II, also (88) in final list.] 


30. Show that thence that 


2«4(2) = J 2"4-i(z) dz. 

[See formula (26), Chap. II, also (89) in final list.] 


31. Show that if v is finite and 2 : (real) —> 00 , 

(а) ^(27rz)e~^l,(z) 1; 

(б) J{^^e^Ky{z) —> 1. [Use formulae (86) and (114) in the final list.] 

00 00 

32. Given that K^(z) = J and that j e-V„(zx) dx = J/VCiH-z*), 

0 0 
00 

show that iCo( 2 :) = J dx, 

0 
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33. Given that J coBazKQ{hz) dz ~ show by differentiating that 

0 

CO 

(a) j zsmazKf^(bz)dz = ^ 7 Ta/{a^-\~h^)^ ; 

0 

00 

(b) J 2 :sin i^oj dz = \7rmn^l{m^-\-p'^)^. 

0 

34. In the Heaviside Bessel line § 7, an e.ni.f. Eq is applied at a distance a 

from the origin a; = 0 where the line is open. Show that the p.d. and 

current at any point x < a are E = I = -E.Ji^y^y 

35. Show that formulae (34), (35) in the text § 7, reduce to those in example 

34, when 6 — 0. 

36. In § 8 show that the current at a distance I from the beginning of the taper 

Jg jr^ — x^, where 9 = [ei^*Ji{Vo) + J_t(vB)]jilJi{v) — ei”^J_j^{v)']. 

Z/o9 

37. In § 10 show that the influence of taper is to increase the input impedance 

Z,iromJ(^) toy(|)l.019 | 2 o 2 ^ 7 /^ Calculate the latter value. 

[524 j 8 ° 50' ohms.] 

38. By solving (18) and (19) in § 5 for J, show that 

where v = (j 8 +l)/(a 4 -iS+ 2 ), q = 2/(q: + ^ + 2). 

39 . An inductance L is connected between an alternating current generator 

and a tapered loaded cable earthed at its far end. The series impedance 
is Z == iojh^x and the shimt admittance Y — ia>CJx, per unit length. 
Show that the current at any point in the cable is given by 

/ = J(Q{K^(kxMkx)+Ukx,)K„(kx]}iykxy(^^^ 

where Eq = alternator e.m.f., Xq and x are, respectively, the distances 
of the beginning and any point in the cable from the complex origin, 
Xj^—Xq is the length of the cable, k — ^(Y^Zi), Yj = iwCi^ Z^ — 

40. In example 39 when k is small enough at low frequencies for the argu¬ 

ments of all the functions to approach zero, show that 
J = Eo/ico{L-hi(iX!i—^o)L^}> 
and interpret this result. 

[Divide above and below by Ki{kxi) and use example 15(a). The 
system behaves as a pure inductance whose value is Z + —^o)^A> 

current being in the same phase everywhere, i.e. there is absenc^^M 
wave motion.! 
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41. in rxainplr' 39 slu)\v (hat wlirn L 0, tli<' cui-n'iil is ijjivcn f)y 


1 

42. 


In exarnpK’ 41 


show Mud Mi(' ournad' \y zero when 


arid that when |/i\r| and \Li\ \ ar(‘ large cnougli this corresponds (o 
a;- ( 2 n 1 l) 77 / 2 (.rv-a’)V(L^C,). 

[Us<‘ formulae (Hi) aial (1 14 ) in liruil list.] 


43 . Jn oxarnplo 41 show that tla^ froo periods arc givaai by 

I i{k.i 1^) ii(A'Xo) 

thiscorr(\spondingtoo> ■ >< 7 r/(‘»‘r provid(Ml |/r.r(,| and |A:.ri| 

are large' (‘riongh. [Use formulae ( 84 ) and ( 114 ) in final list], 

44 . In exainph' 41 show that wlaai |A*.r„|, |A‘.rJ, |/or| an* largo enougii (lie current 

intothcwil>l(ns/u - --a';„y^^‘)(:ol.(wv/(L^C,)(.i-,- niulUiocum-nt, 

at any point .r is 

1 r.-. -iE /^5 

iLi/V X sin{cuV(L7Ci)(;(y-T„) r 

The negative. vuIik^ of i signifies (Jiat the applied ('.in.f. E„ k'ads the 
current into tlic cable by 9(h’. 


45. In ('xample 39 show that when tlio far ('nd of th(‘ eabk^ is open (current 

then^ is zero) t hat the curn*nt at any point is 

^ 'ia>Ly(z|) 

~ iwZ “■ [J (^) -I- j j. 

46, II in examph* 44 th(* cable isconsidia*cd to bcdiavo as an idTectivc^ inductance, 

4, then 4 iwLfla- Sliow that 4 ^y(^)t‘W>{taV(LACi)(3;i-a:„)}, 

and plot a curve showing tlie variation in effective indiictaiu^e witli 
frequency. 

[The above example's can he applic'd to the purely lonfjkiidinal vibra¬ 
tions of a solid or a hollow cono (loud-speaker diaphragm, gun). Kq 
the driving forc<‘, 1 parliclo vc'locit.y, th (5 mass change per 

unit length, - 1 /a’j where is the stiflru'ss constant (83). I^^xarnph's 
39 and 45 correspond to a coil of mass m - I, driving fnn) and clamped 
i'dge. cones, n*spectiv(4y. In (‘xarnplc 40 th(* cone and coil movt^ as a 
wliole. In example 44 the coil has negligible mass, whilst in example 46 
Nig the ('fhxdive mass of a cone to longitudinal vibrations. In acous¬ 
tical w'ork the flexural vibration.s arc the more intportant of the two.] 






VIII 

BER, BEI, KER, AND KEI FUNCTIONS 


1. Functions of order zero 

In certain problems which occur in electrical engineering it is neces¬ 
sary to solve the differential equation 




( 1 ) 


Putting k\ 


we see from Chapter I that the solution of (1) is 
y = (2) 

Since = ±:i^k, an ambiguity is introduced. To avoid 





this w^e shall use li\ —■ in this book. Fig. 18 illustrates 

the complex (|uantities in accordance with the conven¬ 

tion adopted herein. Thus the complete solution of (1) becomes 

y = A^jQ{kzi^-\-B^Y^{hz%^): ( 3 ) 

Now both and infinite when kz is infinite, which 

is an undesirable feature in the solution of practical problems. It is 
more suitable to take as the second solution, since it ap¬ 

proaches zero asymptotically as -> co, and vice versa. Accordingly 
the solution of (1) takes the form 

y = A^J^{kzi^)-\-B^K^{kzi^^). (4)t 

where the constants A^ and B^ differ from those in (3). 

When = 1, the solution of (1) is 

y A^jQ{zi^) + B^KQ{zi^). 

t From (6), Chap. VTI, /Co(A'cil) - ^ 


(5) 
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From (22), Chap. I, we have 

(3!)“ - 






b)“ 


(3!)--= 


(G) 


Following ICelviii [HO] we call the soricH in the first bi*ack(^t bcr;r, and 
that in the second bracket bei;^ (Bessel-real and B(‘SH(‘l-iniaginary). 



Fig. 19. The functions borz and boi^;, both of which oscillaUii 
about the s-axis. 


Thus by definition we have 


bers: 

and 

beis: 


== ] 


{2!)2'''^4!)2 

{.¥f 


-] = [■ 




1 = [5!_1 


(6 a) 
(6 b) 


These functions are plotted in Fig. 19. As z increases they both 
oscillate about the horizontal axis. It may be remarked that when 
z is real, lim Jq{z) — 0, but lim | JJ,(zi*)| = oo. From above we have 

2—>QO Q-^OO 


Jgizi^) — berz+ibeiz. 


( 7 ) 
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It can also be shown that 


121 


~ hevz—iheiz. (7a) 

From (7), = ber'z+ibei's, 

ChZ 

~ = i~-(ber'2:4-2 bei'2:). (8) 

The functions ker;: and kei^: derived in connexion with the second 
solution to (1), are defined as follows: 

= ker2:+^kei^, (9) 

= kers—zkei^, (10) 

where 


ker^: = (log 2—y—log2:)ber;2+|7Tbei2- 


and 


Il’Io+s+j+j)- 


.. ( 11 ) 


keis — (log 2—y—log3)beis—J7rber24- 

+ (i2)^-||f|J(l + l+4) + -. (12) 

and log 2—y == 0T159, whilst Euler’s constant y == 0*5772. Asymp¬ 
totic expansions of the above functions are given in the list of 
formulae, p. 172. 


2 • Functions of order v 

The functions ber^i::, bei^;2, ker^^s, and kei^s are defined as follow^s: 


J^(2:^^) = ber^s+zbei^,^ (13) 

= ber^s—^bei^2 (14) 

= ker^^+zkei^s (15) 

i'^K^{zi~‘^) = keT^,z~-ikei^z. (16) 


Throughout this chapter we shall assume that 2 is real. 

As an illustration suppose we find the series for beri;2 and bei^s. 
From (13), == beri^+i bei^s, and from (2), Chap. II, 


j,{zm 


Zl 


>([ 2!3!'^"j [l!2! 3!4! 


+ ... 


(17) 


Substituting for its value ^(- 


-1 -j-i) from Fig. IS, we get on multi- 


3S37.5 


R 
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plication and separation into real and imaginary parts, 




( 


2V2| 


(1^)^ , (iz)\ 

1!2! 2!3! 


-\-‘i 


1 ! 2 ! ' 


(W 

2 ! 3 ! 


so 

and 


beris; = 
beij S: ^ 


z 

2^2 



J!2! 


2!3! 3!4! 

Qz)^ ilz)\ 
2!3! ^:i!4! 


viir. 2 



( 18 ) 

( 19 ) 

( 20 ) 


These functions of order n are used in pi-oblems on ])roxiniity 
effects in stranded electrical conductors. Asymptotic expansions will 
be found in the final list of formulae, p. 109. 


3. Representation of and J^{zi-'^) in the form 

Since J^{z%^) == ber^ 2 ; +'iibei^;s, it is frequently advantag(H)us to ex¬ 
press the function in terms of its modulus and phase. Thus we have 

= J^{zi^-) = ^J{heTlz + bei“2){cos^l^,(2:)-|-'/sin{^^(2:)}, (21) 


where 

M^{z) — Ajihev- z -h bei'^ z) 

(22) 


ber„z = M^{z)Cosd^{z) 

(23) 


bei^z = Jkf^(2)sin0^(2) 

(24) 


6^{z) — , as in Fig. 20 b. 

ber^s 

(26) 

In particular 

bers = ilf()(z)cos 0 o( 2 ;) 
beis; = MQ(z)sin0Jz). 

(20) 

(27) 

Similarly we write 


= ker^z+tkei^z 

(28) 


— Ajiker^z + kei“z){cos^^,(3)+iain^^(2)} 

(29) 



(30) 

so 


(31) 

where 

^^(z) — ^/(keT^z + kei^z) 

(32) 


keivz = iV^(z)cos^^(2) 

(33) 


kei^z = N^(z)8in<j!>^(z) 

(34) 


kcr^z 

(35) 

In particular, 

kera: = Nq(z)cos ^(^(z) 

(36) 


kei;^; = 2VQ(z)8in^Q(z). 

(37) 




VIII. 3 POLAR NOTATION 123 

It can also be shown that 

— ber^ s —i bei^, z (38) 

and that = ker^^^—(39) 

so K^(zi~^) = iVy( 2 :)e-^%<^^+i*'’^h (40) 


The above notation has the following advantages, although it cannot 
be used exclusively. 



Fio. 20. (a) The functions Moiz).-= V(ber 23 +bei 2 s) and doiz) = tan-i^|^. 

{b) Geometrical representation of My{z) and dv{z). 

(а) Formulae can be expressed briefly and concisely. 

(б) The values of M^(z), N/z), e^(z), 4,^{z) vary regularly as z in¬ 
creases, instead of oscillating as in the case of her, bei, ker, and kei 
functions. (Compare Figs. 19 and 20 a.) 

(c) It is equivalent to dealing with the magnitude (max. value or 
modulus) and phase of the physical quantity under consideration, 
instead of working with two components. For example, the curves 
of M^{z) and ^((z) in Fig. 20 show at once the variation in current 
density and phase in a straight circular wire, carrying alternating 
current, relative to the respective values at the axis. 

{d) The tables can be arranged so that interpolation by propor¬ 
tional parts is possible throughout. 
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4. Relationship between bee' and ; kcr'kei's 

and 

From (-0), Chap. 11, 'ln(~) —'A(~)' 

so 

and, tliercfore, — My{z)e'^'^~\ 


or ^ - \wr'z-\-ibc\'z (41) 

dz 

since from Fig. 18, i-- 

Equating real and imaginary parts in (41), vve obtain 

ber';: --- —In) (42) 

bei'2 ^ - 3'IiSin(0j^-~-In), (43) 

It can also be shown by aid of formula (22), (Jhap. 11, that 

ber^s = i{Jf,,+iCOf5(0,,.i-|7r) (44) 

and bei^z = .l{i/'„+iSin(0„.,,—j-n-)—ain((?,,..,-|rr)}. (45) 

By using (19) and (21), Chap. II, ber';3 and bei'2: can be expressed 
differently from (44) and (45). In addition we have 

M_„{z) = J14(z) (4«) 

- 0,,{z) + nrr. (47) 

For the ker and kei functions it is easy to show tliai 

ker's; = iNxC0s(<'/>i-“|7r) (48) 

kei';3; --= iVxsin(<^x~“l^) (^'0 

ker;;3 = l{iV„,n(2)cos(<^„,,,-.I tt)- i\;_.i(3)co.s(.ji„_,- Itt)} (50) 

kei;,3 = M-^Hi(-'’)sin(.^^+i-.}7r)-iV,,..i(3)ai)i(</>„...i--,[rr)} (51) 

i\L„(3) - 2V„(Z) (52) 

4>-,S.z) ^ (53) 


5. Combinations of ber, bei, ker, and kei functions 

In practical problems chiefly encountered by electrical engineers, 
these functions occur as sums and as products whicli can be repre¬ 
sented in the notation. Thus 


ber^s+bei^s = M%(z) 

(54) 

ker^^i+kei^s: = Nl{z) 

(65) 

ber'‘^z4~bei'% == M\{z) 

(56) 

ker'2^-fkei'% Nl{z) 

(57) 
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BER, BEI, KER, AND KEl FUNCTIONS 
berzhoi'z—heizhev'z MQ(z)M^(z)m-\{dj^~eQ-^^n) (58) 

herz bcr';:;+bei 2 :bei '2 = Jfo(^)J/i(£')cos(^i~6^o-™|77) (59) 

bei';:ker' 2 —ber'skei';: = M^{z)N^{z)sin{Oj^~(j>^) (60) 

ber'zker's+bei'skei'a: = M^(z)N^{z)qos{6^—cI>j). (61) 


In solving problems by aid of ber, bei, ker, and kei functions, the 
notation to be used depends upon the type of problem. Sometimes 
it is convenient to work in ber, bei and then express the results in 
notation. Also there are cases where the Me^'^ notation can be 
used exclusively, and finally converted to ber, bei if desired. A series 
of examples will put the matter in more concrete form. 


6. Example 


Prove sibei's: ~ ; 2 ^~bei 2 : — silfj^siii(^i—^ tt) = J zbexzdz, 


or 


zherz = — ( 2 ;bei' 2 ;). 
dz 


( 62 ) 


From (6 a) 


a z 

J zheiz = J 


Z -- 

22 42“2^.42.6^,8^ 


.+ 


5.10 


2 22.42.6 ' 22.42.62.82.10 


(62 a) 


Differentiating (6 b) and multiplying by 2 :, the series in (62 a) is repro¬ 
duced, so the problem is solved. In like manner it can be proved that 

J zheizdz = —zhev'z = —zMiCOii{9^—lTr) 


or 


sbei;3 — — (s ber'; 2 ), 


(63) 


J ^kera: dz ^ ;:kei's = zNj^{z)sm{4>i—^ tt) 

2:ker2 = ^(^kei's:), (64) 

dz 

z 

J zkeizdz = —zker'z = —zNj^(z)cos(<f)i—i7r) 

2: kei 2; = —-^(sker'z). 
dz 


or 


(65; 
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These integrals represent tlie areas included between the .'^-axis and 
the curves z her z, z bei and so on. 


7. Example 

a 

Evaluate | 2 bei(/.x) (fe. 

0 

Multiplying above and below by we get 


P 


a 

I 


(/t::z)bei kz (l{kz) 


.l[/.: 2 bcr'(fe)|;; 

a- hor'ka 
ka 


This corresponds to 


\zJ^{kz)dz 

0 


aVi(te) 

ka 


a:KJ[,{ka) 

ka 


( 66 ) 


(67) 


8. Example 

Express iri ilfc'® notation. 

dz 

JL = -Jiizi-^) = --Mi(2)c-‘'’><“', 

dz 

so ^{J„( 2 i- 8 )} = bcr' 2 -ibci '2 - ifi( 2 )c-''<"‘<~'>-i'^', (68) 

dz 

since from Fig. 18 •-=. —e^^\ 

By equating real and imaginary jiarts in (68) the results in (42) and 
(43) are reproduced. 


9, Example 

Evaluate J (herh+bei^z)z dz j zMl{z) dz. 

From (7) and (7 a) the integral can be written 

J zjQ[zi~)J^{zi-^dz. 

From (8), Chap. VI, the integral is 

since = — l/2i. 


(69) 
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Substituting from (21), (38), (41), and (68) in (69) and reversing the 
order of the terms, we obtain 


so J ;:;(ber^;3+bei^2:) dz 

~ zMQM^s,in{6i — 6q —Jtt) = zMqMiCOs{0q —(70) 
Expanding the circular function, we get 


J = zMQMi{GOs9Qsm{6^--l7T)~sm6QCG:^{6^---l7T)} (71) 

== 2;{ber25bei'25—bei2:ber'2:} (72) 

from (26), (27), (42), and (43). As an alternative suppose we proceed 
from (69) onwards in terms of ber and bei functions: we get 

^liz{ (ber 2 :+^ bei z) (ber' 2 :— i bei' 2 :)—(ber z—i bei z) (ber +i bei' 2 :)}, 
and after some multiplication the result in (72) is reproduced. It 
can also be shown that 


J {heTVcr+hei^kr)r dr = ^(ber)fcabei'/ba~beifcaber'fca} (73) 
0 

= ^Mo{ka)Mi{ka)sin{ei-eo-i7r). (73 a) 
k 


10. Example [25] 

If f„(2)-ix„(2) = find ^i( 2 ) and xi(2). This problem 

arises in treating the alternating current resistance of stranded con¬ 
ductors. From (23), Chap. II, when n = 1 we have 




which on division by Jo(zi*-) and substitution ot ;p = (Fig. 18) 


Jo(zfS) z Jo{zi-) 
2 


-1 


2 


«■«-*»<")=-;— 57 '— 


or 
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Equating real and imaginary parts 

M M 

^>M M 

^ “.,^ jL^, J|^,sin(0^- ■ .|7r)cH)s/?„—cos((;, - .j7T)siii - ^ J 


Xt(~) 


^ 2 n>er 2: l>ei'2:-“b(d ^ her';: 

[ ber*-Cfb(‘i“,': 

_ _ 2 if/, 


1. 




M 

i~-0o~lTr) - “ .1^) 


'•> M M 

z ^ ill ’ -- «„ I 

fber 2 bcr's+boi 2 bei's^ 
bcr'^s+bei^z j 


(74) 


(75) 


1. Solve t solution In four (lilTorciit, ways. 

[;y - yli./„(2ef?) I />•, >'„(22/l); y .1, ./„{2,3/3) : «, A'„(2:/l): 

;y .-= A,M„(2;)r'"oi2^) | A,(her2,-: | v l.,.i22) | 

■J /i,{kor2; 1 ■/lvoi22).] 

2. Solve ^~+~ ~-\-i>iij — 0. 

~ * ['-/- ■ A, ./„(32/S)-| />’, 7C„(3j;- 5); ;// ,4i A/„(;k)r-'i»»i“=)+ 

+ /I,(her3.: - vboi 3c) 1 »,(koi'3c.■/k(4 Si).] 

3. Writo down two diffonaitial (‘(juations whose' solutions cont.nin her,.A-.z, 

kt‘i\ kz, and koi^,/t;;. 


[S'-ijg-(.oi.5),, o,g,v :;), 


4. Show that 


{a) =. ./„(c/'"); (h) J^zM} ,f^{zi'i)-. 

(c) i-‘■I,{z(-i’'^') -■ ./,,(c«-J"i). 
dh) 1 dy ikhi 


5. Solve -~^4- 

dz“ z dz 


-- 0. yl,./u(2X:il/=) l-A, A'J2A-cb'i) 

A, A/„(2A-cl)r'".'-‘-*i I /;, iV„(2Acl)r''*o'=*-"‘>. 
Substitute z j 

o 1 . It . 3 \ 

6. Solve ^4 - — — — j ); --- 0 in teTins of ^1/c'^ and iVC'^' funet ions. 

[« -- A,lfA'^''0''-'"‘‘*''> l-/i,Al,(AT)c''t*.W''-)iS.-) . . .4,(1),.,•,/,■/■ I /Ix'i.Av) I- 

f B^{ .keij^ kr 1 i koi’i At).] 

7. DifTerentiatethefollowiiiff with respect to .c: {a)M^^{z); {h)6^[z); {c)M^{z); 

{d)d,{z); {e)N,{z); (f)<f>,{zk 

[(u) A7,(c)ooK(«,.-0„-i,7); [h) ■^J>|~|sin((l,-0„-l,T); 
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(c) Moizymidi-do-iTr)-^; {d) ^^cos(9^ —Bo-in); 

(e) A^i(z)oos(i^i—(/) 

8. Express tlie results (a) and (b) in example 7 in terms of ber and bei func¬ 
tions. \(r,\ fiber's + beisbei'^: berzbei's — bei2berV ]| 

L “' . 'Jihe^z^+ he^z) ' ’ ^ ' ber“z + bei^z J 

d. Show that = i{il^,+i(2)cos{^„^.i—0,—i7r)-ilf,_i(2)cos(^,_i—iTT)}. 

10. Show that 

11 . Show that'^'^"—^ = ■M'„_i(z)cos(0„—0„_i—{ tt) —;i»/„( 2 ). 

12. Show that Jtt)}. 

13. If ^ 2 (z) — iXii^) = J 3 i-i^)lJ'iizi^, verify that [25] 

U^) = I ^Jcos(0„-ex+i7T)-l 

i M!§f^^^o-e, + in)-Slz\ 

This problem is associated with skin effect in stranded conductors. 

14. riot ber"2: — il/i(2;)cos{^i(3) — j77}, using Table 15. 

15. Plot boi's = Afi(c)sin{di(2 ) —Itt}, using Table 15. 

16. Verify that AIo(-)Mi(2)sin(0i —= berzbei's — bei sber'e. 

17. Verify that ilfo(2)Mi(2;)cos(0i —^o —Jtt) = berzber's + beisbei's. 

18. Verify that M^{z)Ni{z)Ain{Oi — (/)i) = hei'zkev'z — ber'skei'::. 

19. Differentiate M'^iz) ■— ber^-d-bei-^:. 

[2AfoilfiCos(^i—00—i^) = 2(ber;:bcr'2 -h bei;:bei'::).] 

20. Provo that 

a 

J zJ^iltzl^dz = ^{bei'^'a — iber'^n]. 

0 

21. Evaluate J Mi{z)z dz [* (ber'“c: + bei'2-):;d-. 

[2il/o(-)i^-^i(-)cos(0i —00 —Itt) = c(bcr;3ber';: -f beibei'c).] 

Z z 

22. h]valuaie j N'f{z)z dz — J (ker'-2; + kei'-z);: 

^zNq{z)N-^{z)(20S{(1>i—cI)q—17t) — ;:(ker;:ker':: 4- kei rkei'::).] 

z s 

23. Ev'aluato j M'^(z)z dz -- J (bev"z-\-hci"z)z dz, using formulae (62), (63) and 

integration bj' parts. 

[z 3Io(:)Mi(z}sax(9i-6o—M = zlberzbei'z - beizber':).] 
S 


3S37,5 
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24. Evaluate J Nl(z)zdz. = J (keA-|-koi“3)s rfz, (a) by the metliod of worked 

exampl© § 9 in the text, (6) by aid of (64) and (65). 

[ 2 No(s)Ni( 2 )sin(«^i-</>o~i^) -(kerckei^^ -- kei^ker'^).] 

2 » 

25. Evaluate J Ml(kz)zdz = J (her'^kz + hoV^kz)z dz. 

[^M„(/cz)Mi(fcz)coa(0i-0„-i7r) = ^{borfczbcr'fe -f bei febei'fe}.] 

Z Z 

26. Evaluate J Ml{hz)zdz = J (bcrj/c^ + beij ri 2 . 

— ^„i(A-)«jn((i,, — (?(,,„, 1 Itt)} 

— J ^yhc\\kz l>ei|^/i*2 — beiy kz I 

/o J 

27. Prove that Mi(2)Ni(2)cos(0i~-<^i) “ ber'skor's + bci'^kei'z. 

28. Show that (a) ker'z ~ ^ 1 ( 2 ) 008(^1 —Jtt) ; (6 ) kei '2 ■— iVi( 2 )sin(<'/>i —|7 t). 

29. Establish the relationships 

(а) bei ;2 = •|{M^.^.i( 2 )sin(^^^i —j7r)--M^„i(2)Hin(^^„i-J tt)} ; 

(б) kerj2 = 

TVT (kr\ 1 Ml(z) 

30. Show that (a) lim \ ir; (b) lim - ^ I ; 

7 c ->0 a -> 0 " -‘‘^ 0 W 7 

(c) lim “ ~^|cos(^i-^0--i7r) = 0; (d) lim^ 1 ; 

z—^oZ ■^o(^/ z—►O ■“ 

(e) lim^ 008(01-e„-J,r) = 1 ; (/) ( 0 „- 0 i) - |,z=- 377 , (z -v 0 ). 

,„>0 2 iWi{2) 

31. Using the asymptotic values of the ber and boi functions, p. 169, show 

t^at !irn{ 0 i(z)- 0 „( 2 )} = Jir; 

Z—^00 

show also that in general 

Iim{0,(2)-0,_i(2)} =. iTT. 

2 —>00 

32. Using the asymptotic values of th<^ kor and kei functions, p. 172, show 

that lirn{<^j,( 2 ) —^^_i( 2 )} = — Itt. Also show that lirn 2 kor '2 --“1. 

2—>-00 2- >>() 

33. I£ Q = KQ(mai^)Ji{nibi^ -\-iJQ{7nai^Ki{7nbi^)j show that the square of tho 

modulus 

|<5]2 = Mi{?nb)Nl(ma)‘^Ml{nixiyNl{'tnb)-- 

- 2Mo(nui)Mi{mb)N„(rm)N:^{mh)cos{((l>„—e„),,,^\- 
M (z) 

34. Show that *7i(2;i"3) =n: -— — 

2 , 

35 . Show that 
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36. Show that if 

37. Show that the indefinite integrals 

[Use (132) in the final list of formulae.] 

38. In oxainplo 33 show that when ma and mh are large enough for the asymp¬ 

totic forrnulao to be used, |Q|2 ==coshV2m(a~6)-i-cosV2m(a~6). 
[t^xariiples 33 to 38 occur in finding the eddy current loss in a furnace 
with a tubular charge. A solid cylindrical charge is treated in Chap. IX.] 

z 

39. Verify that k J zhGvkz dz = sbei'A:^, and thence that 

did \ 

■^^[z~(heikz)]^k^zheTkz, 

z 

40. Verify that — J zheikz dz — z hev'kzy and thence that 

did \ 

^| 2 ^(ber A: 2 :)| = —k^zheikz. 

41. Show that relationships of the form in examples 39 and 40 hold for ker and 

kei functions. Verify that —{zlk)\iev'kz —> 1 /A;- when s —> 0 (see p. 180). 

42. Compute N^{z) and ^q{z) from the values given in Table 10, and plot these 

functions. Take ;3 = 1, 2,— 

43. Compute Ny(z) and (l>i(z) from the value.s given in Table 13, and plot these 

functions. Take 2 : — 1, 2,.... 

44. Compute M,^{z) and ^ 4 ( 3 ) from the values given in Table 12, and plot these 

functions. Takes = 0, 1 , 2,— 

45. Compute ber 3 ( 2 ) and bei 3 ( 2 ) without the aid of Tables. Check the results 

from Table 12. 

46. Prove; that bei';:: ^{be\^z — heT^z). 

[Use bei's = Misin(0i—J tt) and expand.] 

47. Show that ber' 2 : — ~ (berisH-beiiz). 

[Use ber' 2 ; = ^ 4 ( 2 ) 008 (^ 1 —^ 77 ) and expand.] 

48. Show that (a) ber'sbei'^ = 4 (beif 2 —berf 2 ); 

{b) ber'-s-j-bei'^s = berf ^H-beif 2 . 

49. Verify that (a) ber ;2 - bei ^2 = ;^(ber 22 — berz); 

(5) ber ;2 + bei 42 = ^^(beiaS — beiz). 

[Use 2Ji{z) — Jq{z) t/2(^)’3 

50. Show that J hevizdz = ;^{berz-beiz-1) = ^^^^[cos0o-sineo]— 
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r 

51. Verify that (a) J 3 ’‘bcr„_iSd: -- - - hei,.:) ; 


51 

(6) 3’'bei„-ic:d3 -= -;^,(bcr„3 + bcl„:r). 

“ [U.sr (25), Clmp. II.] 

62. Show that (a) bor„3 =r= -'rl j/t I-r)!^.’ 

T () 

■^ ( - 1 )’■( iz)” ' “'■sio :l(n h 2r)TT 
(b) bei„3 2,-h“;T! "... ' 

r t) 

[Use formula(13) in this chapter and (HI a.) in Ohaph.a' 1V.] 


53. Show that 


~r!(n-l-rj! 


V (-l)0.(ri'h2r)(.U)^'-"”hms:;(// l-2r)7r^ 

(o)ber;3 = 2 * ......-. ■ 

r =0 

00 

(b) bci; ~ = 2 ' 


. (_ ] )»■ j(n+(«:!: 

•r! (n + r)! 

^ [Differentiates tlic series in example 52.] 

54. ShowtIiat (a) co.9 .’(n. + 2r)7rl)''oos J(w-|-2r)7r; 

(b) sin3(n + 2r)7T -- (-l)"+*Kini(n + 2r)7T; 
lienee write the formulae in examjile 52 in another way [27]. 


<X.> 

r (n) her,, 3 ^ 

L y. 0 

oo 

(b) bei,„3 “•- 2 


(_ 1 )iH r(1 ](n ■ I 2r)7r _ 
r!('n I /■)! 

(- 1 )n I r I i i(n, |- 2r)7T 


] 


■/■!(n I r)! 

r 0 

55. For large value.s of z 

N\ZttZ ) 

hence show that 

ber;3 = I 4A-i(')]co«(^ 'I" I i'"^) ^ 

-[Xn+ie) + X«-i(2)>i“(72 i I 

[Use 2j;(w) : = -•4 mi(^")-] 

56. If, for large valuc.s of z, 

show that 

ker;3 =: -y(^)e-Vv^([A,„+,(-=)+A„_i(-3)]ca).s{v^- l7r+i«77) + 

[Use 2K;,iu:) = -[iC„_,(le)^-iv„^l(^e)].] 
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57. When ~ is largo onoxigli and — iw < phase z < in, 

r !, 1-) , (4»2- P)(4«2- 3^ 1 

V(2rr^]r 1!82 2!(8zP -j = 

hence whow tliafc iti given by the expression in example 

55, whcr<^ 

K(~) 1 — cos .}7T + 

- 1 mn^- P)(4H2-32)...{4H2-(2r- l]2}cos irn 


Xni~) 


(4«4-P).. 


sin Jtt- 


118;:: 

l)^+i(4n2~P)(4n2~32)...{4n2-(2'r-l)2}sinir7r 
. ^~rl{Szf . 

[Put zi- 1) iri the exponent, use (i-)”’* — in the series, 

and write 

58. Using the series for X^^{z) and Xn(^) in example 57, show that [37] 

(a) 




/ 1 ' 
-COS Itt— - 


+ - 


l!8z " 3!(8 z)3 

(— 1 )’-(4n‘-- l-)(4w.--3‘'»)...{4n'--(2r—3)^}{4>tH(2>--I)(2r+l)}cos^?-7r 




r!(8z)'' 


+ .. 


nA u (4n°-l)(4nH-3-5)s in , 

(^) 11 ^ X'H—" 1 t Rp; "Sin ^77 2!(8'^)^ “!“••* 


(-iri-i(4n“- l“)(4n“~32)...{4H4-(2r-3)=}{4n4 + (2r-l)(2?-+l)|sinirw 
"* .... rirSzy 

In the next eight examples show that when c > 8; 

i I 1 133 

59. 


H-..., 


). 


^7(277^z) I .^2’"'' 256z'= 2048V^^/ 

11 25 

00. radians. 


^,:/V2 / 


3 


9 


327 \ 


^{27Tz) I ^ 8V22:256^22048V2z"/' 

fi2. ex(~") 4=~ + l- + ~2z + Ti-^ + T2lk5’ 

63. Naiz) = J {1 “ 8V2s‘^2562^'^2048V2z4' 

^ 11 25 

04. .^„(2)4=-^-J,T + ,^22-lli2-= + 384V223>™‘^‘“^^ 

3 9_ 327 J 

'8V22'^256z® 2048V22*/' 

60. ^,{z) == 

[Uso formulao 185, 186, on p. 169 for examples'59-62, and 230, 231 on 
p. 172 for examples (33—0. Observe that the terms in^: , 2 2 in bo 

are obtained by writing ( —-) for 2 in those of 59-G2.] 


65. 
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APPLICATION OF B12R AND BET FUNCTIONS IX) THE 
RESISTANCE OF CONDUCTORS TO ALTERNATINC 
CURRENT 

1. Current density in wire 

When an alternating current passes through a cylinclilcal coruluctor, 
the varying magnetic field induces eddy currents thcixun. These 
currents react on tlie main current and affect it in sindi a way that its 




(a) (b) 

Fia. 21. 

density increases from the centre of the wire towards the skin or outer 
surface. The current, so to speak, is driven to take the path of least 
impedance, which in this case is the outer portion of tlie wire. Hence 
the origin of the term 'skin-effectX This electromagruitic effect, due 
to eddy currents, means that the available area is less than it would 
be with a steady unidirectional current. Hence there is an increase 
in effective I’esistance and a fall in eflectivo indiictaiujc. 

Fig. 21 a represents tlie cross-section of a very long isolated uni¬ 
form cylindrical conductor, whose permeability and that of the 
surrounding medium is unity. Consider the magnetizing force at 
P due to the current in an elemental ring of radius x. 'The cross- 
sectional area of the ring is 27rx dx, and the current passing tlirougli 
it parallel to the axis is dl^ = 'Incrx dx, where a is the cummt density 
at radius x. The magnetizing force at P, due to this current 

ring is dH = == . Thus the total magnetic force at P due 

r r 

irr f 

to the current within a radius r m H = — J ax dx. Differentiating 
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with respect to r, we obtain 
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dr 


= 47ror~- ^ j ax dx 


4:7ra- 


H 


or 


d.H H 

—z --47ra ; 

dr r 


0 . 


( 1 ) 


The p.d. per centimetre along the wire at a radius r is = pa, 
where p is the resistivity, whilst at r-{-dr it is 


,, , dE , 

dr ™ p! 
dr 


ht *)■ 


da 


Thus the total c.m.f. round the circuit ABCD is —dE = —p'^dr, 

dr 

and this must be ecpial to the rate of decrease of flux through the 
circuit. The flux through ABCD (perpendicular to the paper) is H dr 

per cm. length of wire and, therefore, dE = p^dr = ^ dr. Thus 

CIT Q/t 


^ dr dt ’ 


( 2 ) 


We have now to construct a differential equation from (1) and (2) 
to determine a at any radius r. Differentiating (1) with respect to t, 


wc get 


dm IdH , da 
drdf,r dt dt 


0 . 


(3) 


Using (2) this equation can be written 


d^a 1 da 47 t da 
df^^ r dr p dt 


If the current is sinusoidal 
(4) we obtain 


da 

Yt ' 

d^a . 1 da 


dr^ r dr 


0. (4) 

: ^a>o•. Substituting this value in 
i¥a = 0, (5) 


where Ittoj/p. From (4), Chap. VIII, the solution of (5) is 

a = A-^jQ{kr%^)A'B^KQ{kri^). ( 6 ) 

At the axis of the wire r = 0 but KQ{kri^) is infinite, and since a is 
finite ^ 0. The appropriate solution for our requirements is, 

therefore, ^ ^ AyJ^{krii) = (7) 
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Putting r = a in (7) wc olitain 

density at the skin of tlic wire. .Substituting this value of rf j in (7) we 
find the current density at any radius r to be 


. , where a,, is tlic current 

3Uka) 


In this expression the angle {d,{br)~0,{l^-a)} is tlic pliase of a at radius 
r relative to that at the skin. If the phase angle at the axis is taken 



Fig. 22. (a) Goomotrical roprosoiitMl iou ot lorrmila (.>)• (^>) 

anRlc of ourront, in a long siniiglit ropper ^viro <)-ir) nun. nuhus, n^latiyo t.o ihat 
at, skin, at 10*^Tki» corre.sponds iu 0f^{z) of .Fig. 20 it thn origin ih iakon on .ixiH. 


to be zero we obtain 

Since ilfo(A-«) and n,, are constant, the variaf.ion in a with kr is seen 
at once from Fig. 20, curve 1, whilst the pha,se a,ngle, 0^y{kr) is shown iu 
curve 2. From Fig. 20 or from 'Fables M and 15, it is clear that at 
a definite frequency the current density at a radius r lags Ixdund that 
at the surface by a phase angle which increases contiimons|y with 
decrease in r. If /.« is large the current density vector may make 
several revolutions. 

Expression (9) can be illustrated graphically, as shown in big. 22 a, 
where OQ is this being the maximum value of the current 

density at radius r. ON, the projection of OQ on the liorizontal axis. 
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represents the current density or at radius r at the epoch under con¬ 
sideration. The time axis OT rotates with angular velocity co. 

The phase angle 6^ for a copper wire 0-45 mm. radius at 10''^ ^ is 
shown in Fig. 22 b. Over the radius it alters slightly in excess of 277 , 
so the current flows in opposite directions at different parts of the 



Fig. 23. Illustrating ‘penetration’ or current 
density at <liiferent radii in a long straight copper 
wire 0*45 mm. radius at various frequencies. The 
curves are all of the form Mq{z) = ^(ber^^ + bepr) 
on either side of the axis ZZ'. The points Pz, 

Fa, Fa correspond to those in Fig. 22 b, each to 
each. 

cross-section (see Fig. 23, curve for 10® The net value of the total 
current is, therefore, less than it would be with zero phase angle 
throughout, so the alternating current resistance is increased corre¬ 
spondingly. The current density in the wire at several frequencies is 
shown in Fig. 23. At 50 ~ it is uniformly distributed, but at 10® ^ 
the current is confined mainly to a skin layer whose thickness is some 
20 per cent, of the radius. 

3837.5 


T 
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2. Total current in wire 

From (7), - A.J^kai^) at the surface where r == «, so 

AI ^ cr„IJ„(kaii) 

_ ,^(A;ri«) (10) 

and, therefore, 

'I’he current flowing along the wire through an elemental img 1 cm. 
long, of area 2.r dr, is 2«rr dr, so the total current withm a, radms r is 

1 ^^ 2 rrlordr. Substituting the value of a from (10) in the inte- 

0 

crand wc liavc 

O 


r 

- [ ./o(fc'-r)r 

,/„(toU-) J 


dr 


or 


Putting r = 


27ran»’ 

cfoikaii) 

‘2TT(j„r Jy{kri-) 

A J„(t(n^) 

a the total current in the wire is fouu<l to be 


Jr 


I 




( 11 ) 


( 12 ) 


A J„{kaiJ) 

In practice wc are concerned with the total current I, and it will bo 
convenient to express several quantities in terms of / or of the 
current density it« relative phase bemg rega,r.le.l as zcio. 

From (12) above and. (21), ( -hap. Vll.1, 

ka M(^^[ka) 1 hr!^ ( 13 ) 




Substituting this value of cr„ m (10) and m (11) we obt.nn 

An M„(kr) (/,•«) iIjt) 


and 


ifi(An) 

, r My(kr) fl,{kr)i_ 


(14) 


(la) 


II, i» tn,m (U) tl,at tl» cur,™t, .1 t,l„. rfdn “'j 

c„r.x..,t by » pln.se ...glc («„(ta)-«.{fa.) + inl, ■" ' * 

,„„1 15 «.ve»l» tlnvt {«.((«)-».(<»)) ,'," ' i;,;,,, 

when An = 0 (low frequencies) towards ,n when /« is v( ly - 
(high frc(iuencics). Under the latter condition the current at 
skin leads the total current by In. 
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llie forinukie given above can also l)e expressed in terms of ber 
and bei fiinetions, as follows; 

From (12) 


lci‘ 


27ra^^a 

ki^ J\^{kai^) 
a r heV/ca — i ber'A;a 
k ber ka ^ bei ka 


from § 1, Oliap. VIII. 


From (lb), o-j) “ (7 

when^ o-^^, — IIrra^. 

From (10) and (17) 

__ ka r ber hr + i bei kr 
2 [bei'/ca—'iber'/ca 


ka r ber ka+i bei ka 
2 [bei7i’a~~z ber'A’a 


(16) 

(17) 


(18) 


Substituting Ji(/i’n^) —./'(Iri^) = fi(ber7LT+?* bei'A t), and the value 

of a^j from (16) in (11), we find tliat 


' bei'A:r~^ber'A;r" 
bei'A:a~i ber'A:aJ 

The mean square value of the total current over a complete cycle is 
from (16) 

27T^al a- [ber'^A’a + bei'^i’a] 
k^ 




i n 


[ ber^A’a+bei‘^A’a J 
M\{ka) 
k- Ml{kay 


(19) 


( 20 ) 


( 21 ) 


3. Example 

If ka = ” 10 in the problem treated in § 2 above, sliow that the current 
in an outer ring of thickness t 4-5//’ is approximately 2-8 per cent. 
great<^r than the total current. 

The inner radius of the ring is r = (10—4-5)/A; = 5-5/A*, so hr == 5-5. 
Using formula (15) witli Tables 14 and 15 we have 


K 


r 7*446 ^_/(474 28-293 48 ) 
10 144*7 


rnr: 0*0283/6“^ 


—0-0283/. 

The current within a radius r is, therefore, in opposite phase to the 
total current /, so the current in the outer ring must be 1*0283/. 
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4. Alternating current resistance of straight wire 

This can be determined in two ways tlic simpler of which will be 
given first. 

(a) Since the current does not induce an e.m.f. at the surface, the 
p.d. per cm. must be pa^. If is the effective resistance and 
the effective reactance of the wire per cm. length, we have 


pa„ = Ab¬ 

using the value of <t„ from (13) and in.serting cr,„ - 

_P_ 

7r(i^ 2 M^{ka) 


~| ~ ioj 


' Jjirar^ we obtain 

3i7rJ_ 


Equating real and imaginary parts 
p ha M^)(lca) 


and 




A. 


C0S(1?(,— 


TTCi^ 2 M^{ka) 
p lea 


( 22 ) 

(23) 


TTa^ 2 (jo M^ijea) 

The latter does not represent the total inductance of th(? wire, but 
merely that per cm. length due to the flux within it for the chosen 
value of ka. Since the direct current resistance p(U‘ cm. length is 
Pl^a\ the ratio 


2 j!lfi(/i:«) 


cos(A-A+i’^)- 


(24) 


which can easily be computed by aid of l^ahles 14 and 15. When 

0-25 |-0-354/i:a. 


ka > 4, the ratio in (24) is apjiro.vimately 

4- 2 V 2 


(b) The second but more cumbersome method of didcn niining 
is to find the power dissi])ated as heat by an altermiting current of 
prescribed r.m.s. value, and divide it by the expression for 
(20) or in (21). 

The resistance of an elemental ring of radius r, and Icmgtii 1 cm. is 
pl27Tr dr. From (10) tlie current density in the ring is 
_ (her hr H- i bei hr) 

(ber ha+i bei ha) 

The heat dissipated in the ring is, tliereforo, 

= p[27rro',.^^,^ rh*]-/27rr dr. 

Substituting for or,. from above we get 

dP, = . [ber-^Arr+bei'^/^rlr dr. 


(25) 
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The heat dissipated in 1 cm. length of the wire is 


^ J (ber^fo-+bei^ir)r* 

0 


I bei'fa- 

kM^{lca) ^ 


■heikaher'ka}. 


from (73), Chap. VIII, 


(26) 


TTolpa M-i(ka) a , . 


(27) 


The alternating current resistance is PJIr.rn.s.y being either (26) 
divided by (20) or (27) divided by (21). Thus 


p ha iber ka bei'to—bei ha her'ka 
Tra^ 2 ( ber'^to+bei'^to 


per cm. length. 


p ha Mo(to) 

7ra^ 2 ifjto) 


cos(^o-0i+|7r) 


(28) 

(29) 


5. Skin effect in circular tubes 


In § 1 the solution of equation (G) was given in the form 
a ~ J(,(to^)-|-A^o(to^). 

Since tlie current density at the centre of a wire is finite, the 
second solution K^y{h'r?') is inadmissible. For a tube of inner radius 6, 
K^^{hbi^) is finite and the second solution can be retained. To deter¬ 
mines the arl)itrary constants and we require two equations. 


From al)Ove, when a Gq 


a so 


= AJ^J^^{hai^)+B^KQ{hai^), 


(30) 


this being the first equation. At the inner surface of radius b, there 


dH 


is no e.m.f. induced by the magnetic field, so = 0, and from (2) 


{„) r= 0. Accordingly, the second equation is 

WJr^b 

= kiilMiJ'^{kbi^)+B^K'^{kbii)} = 0. (31) 

\dr)r-rb 

It is not proposed to pursue the problem any farther, so the 
evaluation of the ratio RJR^,,. circular tube, as given in 

example 11 at the end of this chapter, will be left to the reader. 
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6. Eddy current loss in core of solenoid 

When a long solenoid carrying alternating current has a cylindrical 
inetal core, the varying magnetic lield induces ciinents therein, the 
core acting in the same manner as the secondary circuit of a trans¬ 
former. If the solenoid is long compared with its radius, the magnetic 
field can be regarded as approximately parallel to the axis. I'he current 
distribution in the solenoid will be uniform, provided its fundaimmtal 
natural frequency is ap|)reciably grcat('r than the fretpumey of the 
magnetizing current. The core will be assumed to consist of straight 
round wires or rods, usually of magnetic material, (^g. iron, nunnetal, 
permalloy or tho like, placed ])arallel to the axis of thc‘ solenoid. We 
shall now determine tlie heat loss due to the eddy currents induced 
in the core, the rods being insulated in efleet. (See Fig. 24 a..) 

Consider a ring 1 cm. long whose radius is r and thickness dr 
(Fig. 21 b). If H is the magnetic force and a the current density at 


radius Xy the total flux within the radius r is /x J "IttxH dx, where is 


the permeability of the core which wc assunu^ to he constant.f The 
e.m.f. induced in the ring is the rate of (;hange of ilu.x within radius 
r, so 


dE 


IJL J 27TxIJ dx I —- — 27r/x x 


dx. 


(32) 


The resistance of the ring to eircnlating curreiits is R - 
the current is a dr. Thus 


27TTp 

dr 


, whilst 


(j dr 


dK 

li 


— 27rg 




^TT'rp 

dr ’ 


or 


r 



0 


The magnetizing force within the ring due to the eddy eurnmt a dr 
circulating in it is —dll ~ 4™ dx, so 


L 

47r dr 


(34) 


t In practice ^ usually varies considerably from point to point , during a cyc le of an 
alternating current, so the results in the following sections arc only appntxiniatc. 
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Equating (33) and (34) we obtain 

(III f dH 


dr 


f dx. 

J dt 
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(35) 


If the flux vari(‘s siiiusoulally 


m 

dt 


dl! 47ruajz f , 

/' , I xH dx. 

<ir p 


iioU, so (35) becomes 

r 

J 


(36) 


DiiTcR'iitialiiig (:Mi) with respect to r and inserting the limi ts^ we have 


or 


(l~ll dll 4-iTu.coi „ 
»■,..+ , == - Hr 

dr*^ dr p 

dm , 1 dJi .00 ^ 

dr- r dr 


(37) 


where -- 47rfia)jp. From (4), Chap. VIII, the solution of ( 37 )t is 

// A^J^imri^), (38) 

the second solution being inadmissible, since H is not infinite on the 
axis of the core wire. 

ify/„ is the r.ni.s. fi(4d-strength at the surface of the wire due to the 
current in the solenoid, we have on substituting r — a, 


so that 

Eroin (34) and (31)) 


H ^ " 




(39) 


". - .JlLmi-’*'"''"' 

4rr jQ(mm^‘) 

Itt 

The mean s(|ua.re value of the current in the ring at radius r is, 
J lie heat loss in the ring is ^ - 3 ^ - Ml(m^ ’ 


■j' 'Tho form of (37) is idonticiil with that of (o). 
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the total loss in 1 cm. length is 


p = ^0 f 2 

^ 87rilf^(ma) J ^ 


(mr)r 


Using the result in example 21, Chap. VIII, we find that 

o _ ^0 ber'ma+hei ma bei'mal 


^ Stt ( ber'-^ma+bei^/wa j 

This is the loss per cm. length of the wire in ergs per second. The loss 
per cubic centimetre is, therefore, 

= Sc* "S’ for second. (45) 

Taking as a first approximation for a long solenoid 

iUt- 

or an anchor ring (toroid), where n is the total turns uniformly dis¬ 
tributed over a mean length Z, formula (45) can be written 

P =: -^r.m.s. W(ma) X 10"^ watts per cm.^, ^46) 

V 

where W{ma) = — ^4^^)cos(^i—-^o—-J tt), and the current is in 
^ ^ ma M^irna) ^ ^ o i- / 

V2 

amperes. Whenma > 10, W(ma) == —. 

ma 


7. Condition for maximum heat loss in core 

The loss function W(ma) is plotted in Fig. 24, curve 1, and it has a 
maximum value in tlie neighbourhood of ma = 2*5. The requisite 
condition for maximum loss can be obtained for a given material by 
varying either the frequency or the diameter of the core rods. The 
latter procedure must be adopted in practice since the frequency is 
fixed. The magnitude of the maximum loss is given by 

^*raax = X 10“^ watts per cm.^ of core. (47) 

The existence of a maximum loss can be explained in the following 
way. If the core consists of extremely thin wires, the eddy currents 
at moderate frequencies will be too small to cause appreciable loss. 
On the other hand, if the core consists of a few very thick rods, the 
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cclciy currt'iits will be relatively weak at the central part of the wire. 
This ea,n b(^ iirimediately from (41), since, for a given radius r, 
the value of M^^(;m.a) incrciascs with increase in a, the outer radius 
of the wire. Mxuicai the eddy current^ at a given radius decrease 
with iiicrease in the size of the wire. It follows that there is a certain 
dianH‘t(‘r of win^ for whi(;h the heat generated in a core of definite 
voluuH^ is a inaxinuun. 



8. Effective resistance of solenoid due to core loss {R^) 

Wo have P Ivm.h. wlu^rc P is the total loss due to the core. 
From (k;), P ^ FW(rm)xl O"®, where F is the volume 

of the eons so . .i,„,>,FW(r«a) (48) 

n, 

The rnaxiiniini possible value of R^, is from (47) 

O . 4-C>2n^(uoV ohms. (49) 

nuix “■ jrii 


9. Effective inductance of toroid due to core (L<,) 

The n,n,K,mti 7 .ioji force in phmsc with the. flux at the surface of a core 
wire is //„Hiii(fl. therein is 


a 



_25^«-sin(0i-0o— 

J(y(7nai') J 


3S:57.5 


U 
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iX. 1 ) 


J^J(M(.u'-) nui » I / 


27ra2yu//„--- irr} 

'^ma M^{tmi) ' * •> i ^ 


77a“/x//,„ 


2 i/, (/////) . 

:»« 4/7,.,7,\ .-.}^)- 


. 

Using the formula for the magniitiziag force within a toroidal 
winding, whose radial width is small cornpaix^d with the nu^aii radius 
of the toroid, namely, //.mix obtain 

^I^nax "" (50) 

where is the mean diameter of the ring, is in al)Solute e.in. 
2 jVJ ' 

units, and ll{ma) — .■' sin(l?^"-~ 6 ^(,“-| 7 T). The penetration 

function Jl{ma) is plotted in Fig. 24, curve 2 . It will he seen that 
W(ma)/n(w/i;) " cot(^i—J 77 ), 
and when rna >10 this ratio is approximately 1 . 

The total flux interlinkage for ^ core wires and ti turns on tlie toroid, 
per unit current absolute, is 

^ V-^inax 

4:n^AuJlima) x 1 0 , 

™-c --henrys, (51) 

where A is the total cross-sectional area of tiie core. 4die (dfeetive 
inductance can also be expressed as 

^ ^ ^TrnMfi^ X 10-‘-» _ 4n‘Ul/x, X 10" 

' <L 

where is the effective permeability of the core. 

It should be remarked that (52) gives due to the metal of the 
core only. Since the cross-section of the toroid is partly non¬ 
magnetic (insulation and air space), the coiTcsponding inductance 
must he added to (52) to obtain the total inductaiice. Thus 


(total) 


(J[p,+^)X10”^ 


where ^0 is the area of the non-magnetic portion of the section. 
From (51) and (52) ( 53 ) 

When ma >10, Il(ma) === so ■> ^i^ixjma, (54) 





IX , 0 


whilst'f- 


AFM>L1CATJ()N OF BER AND BEI FUNCTIONS 

frequencies n(7na) -> 1 and from 
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(53) 


10, Appliccitioo. of preceding analysis to electric furnaces of the 
eddy current type 

'rh(( a,l)<)V(- atia iysiN cmi Ix^ a,pplied to electric furnaces where the core 
is incl<,<-(l dm- (o heat caused by eddy currents. The solenoid or 
inductor <a)u.sis(,s of a, few turns of water-cooled tube placed round a 
onicibk! of suitabh; non-c(niducting material. The charge to the 


Cylindrical 
charye 

Albernator 
1000 volts 

32 turns O 500 ~ 
water cooled 
tube 2-5Klcm 

Fid. 24 a and b 

crucible may Ix^ iu t he: form of rods or lumps, the former being pre¬ 
ferred. Thvy should lie phiced parallel to the axis of the inductor. 
The fnxjiKuicy of of)ora,tion is governed by economic considerations 
respecting tlu^ gen(‘ra.i design of the plant and the cost of construc¬ 
tional mabu iais. To secure ehicient working it is essential to operate 
tlu^ circuit at unity power factor. This is accomplished by tapping 
the coil and varying tlie tuning condensers (Fig. 24b). After the 
furnac(‘. is st.a.rt<xl, t.he permeability and resistivity of the charge both 
incrcaw^ wit h t h(‘. UmifKiratiire. Meanwhile, by a relay system, con¬ 
densers remov<xl to ju'cservc unity power factor. At about C. 
the half-way tap on the: coil is used (Fig. 24b), and the condensers 
altered accordingly. At the recalescence point (about 760° C. for iron) 
the perBu^a-biiity sudck^nly falls to unity. At a higher temperature, 
governed by tbe c*4irbon content, the iron becomes magnetic, but 
returns to the non-magnetic state when molten. In this state the 
effective perrn(^a.hiiity is much less than unity owing to the eddy 
currents in the; molten mass of large diameter, this means that the 
f Soo Tables 14 and 15, 
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eddy currents reduce the fiux to such a,n extent that the arrangement 
resembles a power transformer with a short-circuited secondary 
winding. 

In view of the variati(>ns in /x and p'\ described above, it is ra-tfier 
puzzling to fix the precise f)oint wIku’c tiie (>|>timum (sriterion 
ma =- 2*5 can be a[)|)lied. In f>racticc tiie dimcaisions of the metal 
rods can easily be varied to ascertain the 0 ]>timum dia,inct<^r. There 
is a definite optimum, whicli for a 2,()()() furnaec^ is about 1*3 cm. 
when melting iron. From the formula we find p//x 43,000, where 
p is in absolute electromagnetic units. This vaJiK^ indica-tc^s tlia-t the 
optimum criterion is applicable at higli kunpc'ratures. In tlu^ molbm 
state the core diameter is the internal diamcdxn* of the crucible, this 
being many times that of the cold charge. ('Onsc^cpamtly conditions 
must be adjusted so that the iron melts readily and caai easily he k(^pt 
in that state. In general it is found when metal at th(^ bottom of the 
crucible melts, that the remainder soon does likewise. It is then 
possible to feed thin scrap sheet to the molten meta,l, which soon 
causes the scrap to melt. Starting from cold the thin sluset might 
not melt at all. 

EXAMPLES 

1. Tho resistance of a long straight co[)f)er wire of (wre-uhir s<H4-ion at 500 

kilocycles is 5 times its vahu> to (lir<x4 rurn'nt. Find tlu's ratlins of tfie 
wire, axnd plot curves showing the eurrfuit density and phase jin^h^ ait any 
radius. />for copper is 1,000 abs. e.m. units. [a <h86 mm.] 

2. In § 1 instead of solving the <Hiuations for cr, solve for // t.lu^ inagiud-it^ force 

at any radius r. Plot H and r for a copptT win^ I nun. nidius at 10® rw. 

f//. Mi{kr) o^ika) jff) j 

L ” k M^(k(i) ' 'J 

3- In example 2 what is tho magnetic force at any point outsidti tlu> wire? 
What is H when tlio fretp ?ncy ttaids to zta-o ? 

[// = ?i 1 

L r ■■ kr M„(ka) ’ r 'J 

4, A solenoid 45 cm. long 15 cm. mean diamett'r has 20 turns. Th<^ e.ore con¬ 
sists of 100 metal rods each 04> cm. diaintd.er and 30 cm. long plat^'d 
centrally parallel to tho axis. Find (1) the wal-t loss du<'. to the. core, (2) 
the effective resistance duo to the core, (3) tho offtHjiivc^ permeability 
of the core at a> = 4 , 0007 t. Take p ~ 500, p " 9 x 10^ abs. e.m. units, 
r.m.s. current = 50 amperes. 

[(1) 1,700 watts, (2) 0-68 ohm, (3) /x, 25-2.] 

t p for steel at the melting-point is about 1*8 X 10® absolute units or some twenty 
times its value at ordinary temperatures. 
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5. Ill oxamplo 4, if tho core length and mass remain imaltered, what size of 
wire gives the maximum initial heat loss before the temperature rises 
aj^preciably ? What is tho heat loss then ? 

[0-54 mm. diameter; 7*3 times that in example 4.] 
(). A uniformly wound toroidal ring 10 cm. mean radius has 500 turns and the 
cross-sectional area of the core is 5 sq. cm. If the ring resonates with a 
2-5 jaF condenser at 1,000 what is the diameter of the core wire? 
Take tile normal permeability of the core wire as 800 and its resistivity 
1abs. e.m. units. Calculate the effective permeability and the core loss 
peu- ampere (r.m.s.). 

[3*54 mm. diameter; = 0-01 henry; = 40; watt loss per ampere 207r.] 

7. If the solenoid in example 4 were fitted with a crucible of 10 cm. internal 

diameter filled with a solid charge of the same diameter and length 
30 cm., calculate the heat loss when the r.m.s. current is 200 amperes, 
/X = 1, and p — 10^ abs. e.m. units. What is the effective resistance and 
the effective permeability of the charge ? 

[P = 570 watts; R, = 1-4 X IQ-^ ohm; /x, = 0-23.] 

8. If under certain conditions the permeability of a magnetic material follows 

a law pi = 500-f-5 X 10”®P, where t is the temperature in °C., plot a 
curve showing the total loss at various temperatures up to 750° C., 
when tho core is used in a solenoid whose dimensions are given in 
(jxamplo 4. Tho core consists of wires 0*4 mm. diameter whose total 
cross-section and volume are the same as in example 4. Assume the 
resistivity to follow the law p = 9 x 10®(l-f 0-0063^); a> = 4,00077, r.m.s. 
current 50 amperes. 

9. A toroidal winding carrying an alternating current of angular frequency 

o) has a core of iron wires. Show that the effective permeability of the 
core is unity when oj 4= /xp/27ra^, where a is the radius of the core wires. 

10. Show that tho penetration function, i.e. TL{ma)^ represents the ratio of the 

mean flux density in a core wire in example 9 to that when the flux is 
uniformly distributed over the cross-section. 

11. Tlic ratio of the alternating current to the direct current resistance of an 

isolated straight tubular conductor is the real part of [37] 

. / j (her ma + i bei ma) -|- 9 (ke r ma + i kei nia) \ 

ijj ~ I inia ^ 1 ^2 j I berbna T- i bei'ma + cp(ker'ma -)- i kei'ma); 


where 


■ber'm6 +i bei 'mb' 
.ker'm6 +i kei'mfe. 


(a) Write ifj in terrhs of ^ 0’ -^0* 

(5) Evaluate the real'part of ^ when the frequency is 550 cycles per 
second, outer radius a == 1-5 cm., inner radius h = 0-9 cm., p = 1,737 
absolute electromagnetic units, = ^Trojjp, ta — Stt x 550. 

(6) ^ = l-S. See paper cited in preface for polar form of 
■Ra.c. 



MISCELLANEOUS EX A M PI .ES 


1. Show that 

2. Show that zJi{z) 4J2 (z)~~zJq(z) ■ 4.J.^(z) - j z<ljz) 

- 4 M>3|. 

3. Show that tends to zero as rn~^ oc<, arui h(*iic(‘ from oxain^lo 2 

that zJ,(z) - 4 I(-ir~Vo4,(2:). 

n=l 

4. Using ilie rc'curri'iict' forniulao 

(a) {!>) ^1, 

substitiito for J^,..l(z) from (a) in (h), and thencf' n^firodiau^ B(\ss<*rs 
general eciuation in which y is r(‘|>lac(‘d by '4-). 

5. Provo J.,i{—z) {—1 )”4(;:) wh('n n is a positive^ int(’g<'r: h(‘no.e show that 

}£ Q, kJy(-mz)~-lJQ{;mz) 0 . 

6. When Zi and > 10, show that 


■‘j 

(a) f Kaiz)I„(z) dz -p J bg 7 : 

J Zn 


(6) jA"„(;:)/„(c);:rZ:H-.i(.-,--2)- 

[Usi3 asym})tot-ic, expansions.] 

iy - -~^AMz)+imz)] or !, .. tj.'L.LIS I />’, •/..{0!. 

according as v is integral or fraiitional. Sul)sl itut(3 y 

8. Solve 0 . 

4(/i:;:)-|--4 4 (/i’. 3) if a. is integral. Substit ute ij 

9. Solve 0 +'2kHy = 0. 

jy = 2-|*4i Jj See cxniiipk' 46, Cluii). ll.j 

10. Show that [93] 2/ = P(a; y; z) --= l + -“~ -|- VU' I— solution 

l!y 2!y(y-t-l) 

ii' A 

+ - ay = 0. 

11. Show that [93] y — e'’'‘®'i^[|(l ; 1; 2iz] is a solution of 

where is defined in 10 above. 
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12. Sol VO k^n in (oruis cC 15,Functions. What is the solution in 

t,<'rnis of circula.!’ and hypta bolia funct/ioTiK ? 

\ Dj^l_'^{kz)]. Use the opera¬ 

tor l> djdz and lH(‘tori/<‘ to s(dvo in terms of circular and hyperbolic 

functions.J 
r/'h/ 

13. Solvt^ I A’\v d in t,t‘nns of lh‘ss(*l functions. 

[Use D — djdz and factorize.] 

14. from ih-ss(‘l’s didci-outial c<piation w(‘ liave 

zJ''{kz) \ ^pr,{hz)-\ zJ^(kz) - 0. 

F>y intc}.»;i'a(in^ tins <‘(|UMtion show that 


zJ,ikz)dz ~~J',{ka) 


-Ji{ka). 


hhnd solution j 77 j of 
12 (Uji 1 (hj) 

< r- r < r fp ct 


1 { 1 




by assuinin^.^ </> S,^{0y )(), where u is a function of r only, and 

y) is a, I’luud/ioii of 0 (sen Fig. 8) and y (longitude) which satisfies 
t.la^ c(jua(ion 

sill 0 (‘0\^‘'' ('0 I ' sin-^ 

H. being zero or a, fH)si<.iv<‘ integer. 

[</; e y){d,,4 ,j(AT)-f/?,J_„_j(;br)}, where k = a/^. Ob- 

tain tJu' value of the (juantity in brackets in equation (1) from the 
sccoiui c(jua,t.ion, then substitute u vr~K The original equation is 
associat isl wit h the flow of heat in a sphere raisinl to a certain tempera- 
t ure and allowtsi to cool uiuha* d(4init(5 conditions. The second equation 
)crta ins tn spb<'ri<*a i bannonies (*S’„), which are of importance in aeousti- 
•al work and in t he> tlusory of ohusticity (see §7, Chap. II and [91 a]).] 


1(1. Show that> d^^(z) 


azy^ 

\Tri\n 1- J) 


f JL 

J r.±«<(l—i2)«-l di (/^ a positive integer). 


17. Show tlad . when ti is a [)ositiv(‘ integer, 


'\rr\'in 

iizy 


i) 




J-.,. 


<:oH0sin“”(? — f cosh(scos 0)sin^”(9 dd 


18. Sliow that. %/n{z) 

{z ^ U). 


dt, 

l^d„(;:) when ^„(z) is a maximum 


or a minimum 
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1. Given tliat Jq{z) - ■ - f 

7T J 


" f ff j show tliai Ji,(z) " ( si!»(,:{a)sli 6>) c/6^. 

7T J 'VV^'** ' ^ 


20. Show that (a) 

(6) K,(ze}>‘^'^) - v-^KAz) — irr^^^^ 

^ ^ siriaTT 

21. When -> 0, sliow tliat 

(a) z~^lXz)-- l/2‘T(vH~l); {h) ’GG) ■-» i «'); 

(c) zn,^,{z) 27 r( i ; ((/) z'-^U' A-) > 2‘',Vr( 1 I-); 

{i‘) - J- 

22. Evaluate the following integral which occurs in d(‘t(‘rinining distribu¬ 

tion of sound fi'orn a vibrating disk { (>J : 

a 

j Jq{ A-j, r)J(j( At si i\<ji)r dr. 

0 

. .. / {A'i Jo(A:ttsin<'^)/i{A-i«)d-A;sin(/>/o(A'iO)Ji(A*asin</>)}. I 

/Ci 1-A’“sin“<p J 

23. Evaluate the following integral whicli occurs in di‘ti‘rnu’niiig th<‘ distribu¬ 

tion of sound from a vibrating disk : 

a 

j K^{ A^i r)Jo(A t sin )r dr. 

0 

24. Show that {log.7y(;j)} ~~iz w'lu'ii 2 1 : also show that hz(\ f J.':-) is 

a closer approximation. 

25. Provo that | dz - 7iz^‘J,,(z) \~ i- 

00 

26. Prove that I'(2) ” J dt, providtal R(z) > 0. 

<1 

[write j (I- di - J ^ d{t^). 

u 0 

Integrate progn^ssively by parts and discuss lirnits.jj 

27. Prove that 




28. Prove that J‘;:(':) - J {J‘y-.j(z)~~J; ^j(z)}z dz. 

29. «iiow that + 



30. 


31. 

32. 

33. 

34. 


M is<;kllaneous examples 

Show t hat (a) 

TTZ 

U‘) •/i(a i./%(a 

TTZ 

('■) I ■/..i(s)? --~(l-[-.sin2,T); 

TTZ 

(-/) I ./%(.) - |;(l+y. 

Wfaai is rraJ show t fiat {a) litn |Po(;:i^)| — oo; 

z '-haj 

{b) liin |/v,)(2;i)| = 0. 
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Floi. from 


[Use asymptotic formulae.] 


- (i to + 0. 


, , (^"<h I ('<!> rifV/> 

I /• ^ one solution required.] 

[</) .4 j (a)sh{2^(A’“-f-^“)}--j-/:?iSinh{2;-^(P-l-iS“)}]> where 

o*' 2(\/i. Ihit. {/» wh(‘ro i>^ function of r but not of s.] 

Siiow that- Ix'rj.-r -—bei'';:), 


35. Show that, -WIY- > “I- 


3(). 

37. 


3H. 


Show tlia.t-^,^^{(bcr»'c — bei;;^:) + ^(ber;; 2 : + bei;)^)}. 

l*rov'c t hat. 

a 

(o) I ,:(l)cr“.3 Ixa-;:) r/c: I;3“{{ber2z--bei22:) — 2 ber^ 2 ; bei's:} 

iS‘{(ber “2 —bei2s) + (berf j; —beifs)}; 

{h) j i H'io: J)oi dz ■ i;:®{2bor3boi;3 + (ber'^s — bei'-s)} 

| 2 :^(lua*c: bei z + ber^^s bei^ s). 

[ I n t o/.,n’ato zJ~{zi^ dz then equate real and imaginary parts.] 
h'ind an inlinit<' s(un<‘.s for b(*r‘'*;3-hbei“;2 given that 


d,{<rz)J,iazl) 


V 


/i,T\l\v^-■r-{^l)V{v+2T+ly 


r, ■> , I 1, , (J")' _L 


Put V = 0, a = 0^ 


39. 


and v'jf .'/'»/■ d, but not ?§ =-= i~'*- since the angles are different.J 

Provo that- (o) z}H^r^.z -- rber^s-)-^(ber^^iC-f-beiy^i2); 

(b) 2hoi;.2 - rbci^.2--;;|^(ber^^i2—bei^,+ is); 


.'i8;i7 C) 
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(c) zhertz ^ ~~ ■^^{hcr,. ^z ~\ bei,„j 2 ); 

(d) zhoKz 

[Use n^euri'vnvc Ibrintilao for J^{zi^).2 

40. In § 2, Chap. TX, fitul tho eiirri'tit deuHity at any radius in tonus of the 

total ciirr('ni in the wire. 
a 

41. Evaluate j' (her-c-|-beii;;:)^ d::. [a(ber,jaboi;p/— bei.^p^ ber;,o).] 

0 

a 

42. Evaluate J (ker?^^: ~i~ kei“2;).3 dz. [a(ker,^a koi; a — koi^aker;a).] 

0 

43. Show that, when P P and Ii(v) > —1, 

- J I,(kz)K,(lz)zdz = ~ + i2=(Wz)A';(fc)-/,(fc)/v(?;:)(l-l- ~J). 

0 

Verify that the vamc of tins expression is zi'ro wlnai s-:- 0. 

[Interchange h and I in formula (133), p. 100, put k ■ Lfe so that 
P — k'^ =: —(2L-t-€)e, where e is a small quantity. lCx|)and e)}, 

/;{2:(L-{-€)} by Taylor’s theorem and use tlu^ lirst two terms in each eas(^ 
From example 60 obtain the value of/^(^^)iv'(^z) ' /'(/ 2 )A\,(^s) ™ — l/fe, 
and make c 0. To obtain the second term on the right-hand side of the 
integral in the form given, use the differential equation for J\{lz)y i.e. 

y"+\y 'pwt y ^ h(i^) “•uci iz == a-.] 


44. Show that (a) 11111 ^!^- = — i; 

2—>-00 do(2:r) 

(6) a maximum value of oeeurs when 2 v:;0-68. 

/{)(") 

[Expand and use a method of siK^eessivo ap|)r<)xirnation.] 

45. When z is extremely large and the imaginary imrt positive, show that 

d , 


Mz) dz 

46. Solve 2 ^ H -2 ^ — v*( 1- 
dz- dz 


log./(,(2) ^v: tan(i7r — 2 ) r y — ?:. 


z^)u ^ 0. 




47. When 2 is large enongli, verify that to a first approximation 


^,2/^2 


, . / 2 \ 

-- COS j 

4(2772) 


(6)be.3-^,^(^^^).sin(----jq 


(c) Moiz) -r-- ; (d) ]ogi„{Af„(,-:)V;} - 0-307I - 0-399; 

(e) 0„(z) - (40-513-22-5)"; (/) bor^s ’ 

eW2 2/v2 

(O M,iz) - 

(i) logio{Al'i(z)VzJ = 0-3073-0-399; (.•/) e-,(z) (40-513 j 07-5)''. 
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4S. W'lii n is lar-,- rnnufih, vorify that to a first approximation 

Ji±h + • 

{h)kriz ,y{X)'>-“^^-»in(;j2-|-j77); 


('•) 'V„(') A\{z) y(g)c (d) logi„{V3i\r„(e)} = 0-098-0-3073; 

('•) '/>„(-} ^ (tO'r.is I 22-5)''; 

(./■)'/',(•-) ( tO-.'-.lj I ll2.r,r 

49. (a) Verify timt.k(43 —ikori 3 . 

(h) If J'J .r"!.!, /„{k.,^) I /i, A-„(fcK»)j, find dEjdx. 

[.ri' -■ * (4y/.<;01,4 ^ I ;,{/««) -| dii K’AkxO)] +p[di +Bi 

50. F.xpiuid 


r., 


Arl cos (j) 


{Jr)''^cos3(/> 
l!2! 


(Jr)'‘co8 5(/) 
2! 3! 



{Ir)-sin3(f) 

112! 



gZ pZ+lni 

ni. Sliow l.luit, wtion 3^; . I, {(i) ^ = 

f)2. Show tlmt, when 2 > 1, (a) Y„(zi) = iJ^{zi)-, (b) Y^{zi) = iJ^izi). 


2it 

53 . Verify tliiit ./Jz) . , f ««<;<»V""d0. 

0 


51. iSolv< 


[« = 2« 



(t) 

1-] 

55. Solv( 

f/,3*' 

[!,-H 

M‘¥) 


ff) 

!■] 


56. 


Solv<^ 


iP>^ 

UP 




0 . 


57 . In ii f>r<>blcin coiic<?riiiiig the distribution of temperature ^ in a solid circular 
<-yliud<‘r, using <;ylindrical polar coordinates, the following equation 

occurs: d- i-- 0. Show that two particular solutions are 

c n r cJr <Jz^ 

0 J„{/r,^r)sirih(/i’,t2) and 9 = Jo(^,ir)cosh(A:^ 2 :). 


58. 11; in cxatnplo 57, 0 0 when r = a the radius of the cylinder, also if ^ = 0 

wluTi : 0, the base of tho cylinder being in the XF-plane, show that 

n 

must bo tho roots of =-- 0. Taking 9 = '^A„Jo(.k„r) 

n~i 

when z I, at the top of the cylinder, show that 


«=:1 


sinh(A;^z) 

sinh(lfc„0 
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59. Multiply J;^(,:5)+^^/o(::) f »/o(^) ^ 1> l>y zy;^{z)(lz, iiitt‘gra,ti‘ by parts between 

0 and 2 , and show that 

\ z.r;,(.z) ,h : \.ri(z)i 

0 

60 . If y| and ar(' two linoarly ind(‘pondoid> solutions of P>oss(>rs diribront ial 

equation, thcai V\}h~]hi,V'i wlu'ri^ .1, is not zero. 

Show that wluai 

(«) ?/i Ih -li 2 .siiu- 7 T/ 7 r; 

{^') :'/r -/yC’). y-i -'•i - 

61. In exarnplo 60 show that when 

("') ;'/i !h 

(/,) ir»(z), y, //«'(’). .1. ■•//rr. 

[Since H (;Vii //a) AJz for all Viilin^s of;:, it is eonxenitad. to find .'Ij 
wIk'ii z~> Oiind all tlu* functions assunu' simple forms. 'Flu* a[>proximato 
valutas of the functions an^ used for v/i, vy^, ;y[, and vL S('e c^xarnphi 21.] 

62. Using the formulae in example 61, show that 

dzV''^J„(z)i ■nzJ^{z)y,{zy 
and iionco that [93j 

f dz , , r„(~) 

63. Using the formulae in (;xamph‘ 61, show that ( 93 ] 


J zYUz) ' * YAzy 

64. Show tliat Jp., i(s)Fy(z)““J^( 2 :)U,, ^ 2/7rz. [Use formulae, in 61.] 

65. Verify that 2{n f l)zj;(z)-| l)- zM.4,(z) d. 

66. Verify that { 2 “ — n(n““ 1 ))r/,^(z) -~Zr4 j x(z) 9. 

67. Verify that z2(nHM)j;(z) 1 n(z- —i-l)J„(z)d zV;^ 9. 

68. Show that the maximum an<I minimum vahu's of z h4{z) oetair wdam 

— 0, i.c. they corrt^spond to th(^ roots of , i(z) 9. 

69. Show that the ze^ros of J^(z) corn'spond to the maximum and minimum 

values of ™ 0. 

70. Show that Taylor’s theorem can expr(‘s.sed symbolically thus 122]: 

If h — z cos 0, show tiiat 

^(ic-f- 2 :cos 0 ) ™ |j,j( 2 rf/</x)d -2 cosndIn{zdjdx)'^tlj{x), 

71. Show that, when R{v) > — 1 and x—> 0, 

(a) lzJAkz)K ,, i(/s) (k/iy; (6) lcz^T, ,Akz)KAlz) -> 0. 



\AHT OF FORMULAE 


Difi'erenthil eqiuitionst 


■■2- 



.'/ -It Jo(/'~)VI5iVo(I-2)- 


;' ('•' :=)•" 

0 

;// -- AidJ(kz)-\-B^Yj^kz), always; 

y/ - yi^,J^,(kz)-\-BiYAkz), n integral; 

If - AlJ^,{kz)-\-B^J Xkz), V non-integral. 

S' 

" 


--= AMkznBJi,{lcz). 

•'■ 2 ' 


0 

If . - Ai/^(A: 2 ) 4 -Z?iiv^{/c;:), always; 




!/ - : vli/„(/c)+Bi/v„(fc 2 ), « integral; 

<1 . .4i -/,(fc)-|-Ci/_,(fa), V non-integral. 


i 0 


y AJ„{lczii)+BiKo{kzi^; 
y AiJo(kz0)+Bj^Kf>{kzi^). 

,. 'C-'.v 


IJ 0 

y .--- AJ^(kzii)+BiK,(kzii), always; 
y integral; 

y .= .4iJ,(A:2ii)+BiI_v(fc2*-),>'non-integral. 

(/r‘ 

':2 eS' 

1 <ly 
z:^ dz ■ 

-I;\V - 0 


y ~~ AiJQ{lcz)-\~BiYQ{kz)-\-CilQ{kz)~\-DiKQ{kz)* 


2. Functions of the first kind 
H. J O'- * 2^4“ 


. (1!)“ (2!)- (2!)- ■ A ('■!)■ 

0. ■ y(“ )<-..s(; - .Irr). wh.m l^l is large enough and -Jrr < phase = 

,1,. (Teases with iiKU'oase in 2. Scci also § 11, Chap. IV. 

^ir ^ 

I COS(2C(>S0) = U 


10 


27r . 


1 

277 


i) 2w 

fcoH(2sin0)d0 = ^|«-““‘"'‘^®- 

*' 0 
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bp:ssel functions 


z 

11. \j„{z)dz - 2 = 3.7„(;:) I jljT;{.AWH„(z)-./„(;)H,(,•;)!. 

•J II. C) 

12 I- 

“ l'()'+l)r (i-fl) 2!(,-M)(r 1-2) :5!(n l)(>'! I 3) 


2''r(i/1 I) 


f, \ 

I 2(2,.-| 2) ' 2.4{2i/ | 2)(2i' I 4) 


2 


ir 


■ Vf IK 

.Zv ^ ^ r!r’{i' | r | 1) Z., ' ■' 2"i“'';-!I> I ;• I !)■ 

r 0 r 0 

13. W'lx^n |:| Im largo onough and —Irr phase; •; .Itt.’I' 


//2\|r, (4r= r-=)(4e- 3-) (4..= - l = )...(4r= 7-) 1 , , , , 

VyiL*- 2!(8;)-^ ' 4.(H;)‘ .. 

”L 1!8; ~ 3!(8;f i ...Js„.(;-.. i^r-.lerr)). 


S(^c also § II, Clmp. IV. 

14. J^„{z) = (-1)V„(;); M-z) (-1)V„(;); ■ ./„(-;). 

15. zJ'Az) = vJ,(;) 

1(). zJii{z)-~- — vJi,{z)-\-zJi,_i{z). 

17. 2Jv{z) ^ addition from J5 and 1(). 

2i/ . 

1 }^. —suhlraoiiori iVoin 15 and H5. 


19. Jo{z) = -—Jiiz), from 15 when v 0. 

* / 

20. J & .-= ~z-'’JAz); nr j; ■ ■'./.(c)) 

21. ■ (-l)'•--'-^4-,r(=)■ 


22 . J z'’J,-i(") --= -“■U-); or^Jz'JAz)} 2 ”. 4 .,(;). 

23. 

24. JAkz) - «o ‘ 


25. Z(;) = , 4,^“^''. ^ rcA«““W5f/0 . - , ,, f co.s(2Cos6l).s.n“‘l?rfl?. 

VttJ. (+ I) J \7rl (p -f *) J 

^ m \ 

jqp) >- 

26. Ji;(z) ™ r cos(z cos 0)Hin^^O dO. Ii:(p) > — J. 

VttI {p-\~ f)J 

0 ^ 

27. J,{z) = J sm{zcose)sin^^ -^e cos 6 dd, E(v) > + J- 

0 

t To obtain the function for a different range of 6 see § 5, Chap. IV. 
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an- VttIv i A) i '«(»') > -i- 

29. J..{z) 

:.i0. J„{Z) J v'="'0V‘<>de J e‘«o»flcosn^d0 =-. 1 | coi(ne-zsind)de. 


VTrl'ii J ((■•=.= > 0; i > i?(i') > -i 


I. \j^.(z)dr. 2 i; [ J,(2)dz === 1. R(v) > ~1. 

J r 0 -J 


32. ./j(=) 


r,j(~) h_j(2). 




3L 


HI nil: 


<''‘>7(s> 

as. J ,(si) (i-oyjijcos 

3‘'-- . 


sinliz. 
cosh 2 


(-inn+2r)!_ 

(2ry.{n-2r]T(2z)'"'^ 

r u 

1cos( 2-|»77) 2^ (2r + l)!(n-2r-l) ( 22 ) 2 >'+i|’ 


37 


( 1 (i ’ 

- d-) when V = h and r = n. 


3H. ./ „ j(.2) 




(2r)!(n--2r)!(2zp 

r 0 

. , , J I _ 

»Hin(2: l Jutt) 2 ^ (2r+lj!(n-2r-l)!(25:)2'-+i/‘ 


39. J. n- j(-) s’* j ) ^(s)}, from 23 when v ~ —h t ~ n, 

V ' (/L-1 v~\ 2r)JhzY-^''+^^ 


49 
wht'ro 

4L JJaz)J^{hz) 


rl IXft- f ^ 1' j-r-f 1)’ 

ti 

(/t I 1/ I 2r)r -- (/z-f K |-2r)...(ft + i/+»-+l)- 


(A«2)'‘(.U)z)‘' 

*l> I I) 




r!r(ja-]"r+1) 







](i0 



KU N<,:'l 

'IONS 





•Ci 1 


/'‘'I'110' 

. 1 r ft 

1 l>! 






la. J 


2Kir 1 ir(i' 1 


1’ i 

/■i i ! )l 







■ /r O' 

ft 1 1). 

AO. 

i r lU 

1); 

e i 

1 ; 

hy<ri 



m ■ 

1, /l*{/4 

! e 

lU i) • 

0, 

and ( 

1 ■ h ■ 0. 

44. f 

0 


' i 

v'(''- 1 iH 

ft') <'l 
ft 1 

1 “ 

1 • 

i 0:0 


d ; 


r) • ■ !. 

45. j 

0 


{2ftyrU’ 1 i) 

<n{ix- 1 

. J{{x 1 


• 0; !i*{ 

e) 


4. 


49. j 
0 


(|/i/r/)‘’r(/i 1 

1 1) 


! »') 

, 50^' i »' 1 

I) 

; 1' 

1 1 

; 54.y„.4,. 





/i‘(/i 1 r; 

) ■ 

0; 


a 1 77;) ■ ( 


u 


• -I:/,-//, 

4H. I (l . /.'(r) .I. 

(J • ‘ " 

Set* also tin* i!it<‘grHls for cn lindrr I'lmclioiis in § 5. 

49. . 2 t y 0. 

no. ,/„(:) I 2(.4(:)f.()s2l9-| ,/4(c)cos4fl I ...} |- 

I 2/!./|(;).‘-;iii// I )siii .'Wy i ...[. 

51. (■<)s(;s.iii (?) •i'o(:)-| 2|./2{3 )(^oh26/ | | ...|. 

52. nitti^shiO) 2lJ,(:)sinO I | ...,'. 

53. . 21,7a(^)c()s2«- ./,,{;:)c<.s-lO I ...,'1 

I 2i.i./,(z)<-osO 

54. cos(seosO) - JJz)-2 {J.Jz)com 20 ■■./., | ...j. 

55. sin{3c<>s0) - 2{,/,(z)e(>sO~J:,(:)(:<>s:iO I ...}. 

50. eosj 

fnini 5!, 0 - ivr, iir from 54, 0 0. 

57. siriz - 2{./i(i)'--,/.|(s) )-./ 5 (;)—frijiri 55, 0 0, or IVoiii 52, 0 irr. 

3. Functions of the second kind 


58. r„(:) 

59. r„(z) • 


J{y + log(k)lJ„(.)-?5”' 

r 7T Z—^ 




('■!)• 


M 

rJ- 


sin(;3~-~|7T). wlK‘n |;:| is large enough, — Jtt i.»hase 


See aho §11, Chap. IV. 


irr. 
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60 . i r,(z) dz z y,{z) i krrz{ Y,{z)lW-Y,{z)U,{z)}. 

0 

,il. „!>' I r! y - 

f 0 

IV( + i + +^ + 1 + 1+ +_L1 

7rZw /Mlnir)! I ' 2 ^ 3 ' r ^^ 2 ^ +n+ri' 

r 0 

I'ho Irrni in last. S(^ri('S Ih (1 | -*- j---j-...-!-when r == 0. 

V 2 3 Ti) 

Y(^) i>Tr ./ ^.(-)^ jj. ^ integer, YJz) is the limit of the 

lVa«‘t.i()n vvlieii r - a.. 

63. \Vht‘n |;:1 ia largn t'nougb aiul — hir < i)luiso z < Jir, 

S<M^ also §11, C'liap. IV. 

64. V'^.(z) sati;'ili«‘H rtHMirnaieo lorinubK^ of tho typo given in 15 to 23 inclu¬ 

sive: y,^{z) satislies tla^ form given in 14. 

dyjkz) dy,{kz) j . r ,,.. 

) (kz) , , kt'Akz). 


66. >;(z) , 

\7t1 (5 

07. )\{z) ./ j{~) 

OK. V' iCS •'*{-) 


2(J,:) » r r. 0 H{zt)<U * > iJ(,) > -.|. 

'7ri'(i I r'* 


ms;:: y,H,ie) = (-l)’‘«>^-n-je)- 


f Kinco J,e) and Y-„(2) are both cylinder func- 

(,L.s.’ th..so in't..Knds mu b., obtained from (78). (79). See Chap. VI and 
1). Hll. 

4. Functions of tiie third kind 

70. /7-(.;, ./,(S I a;(..): //P(.) - .4(==)-*X(^)i ^;2y79 

,CO roruu.Um of the form H to 23 inclusive: also 74 to 79. . 

71. When |.-:| i.s large enough and -Jrr phase z < irr, 

n{Hzi)-^ 2!(8zi)“ “ -i- 
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BESSEL FUNCTIONS 




l!(8si) ^ 


.I2)(,jy3_32) 

2!(«2j)“ 


+. 




To obtain the functions for a different range off?, see §§ 5 and 12 , Cliap IV : 
for other formulae see § 11, Chap. IV. For angle rmigti sec 71, 

73. h;;vi(3) 


5. Cylinder functlonsf 

74. zHtiz) - vG,(!:)-2G;,+i(2). 

75. zGi( 2 ) = -vG,(3) + zG„^.(s). 

76. 2G;(2) = G,_.(z)-G„,,i(3). 

77. + 


78 


{lil,{kzW,{lz)-k€,{lz)<l',{kz)} 




- {2G,..i(ic)G,(fe)-A:G„..(/,-2)i£,(7^)} (k yi 1). 


K ^^f£i(kz)zdz^- |s“{G;(ic)-G„..i(fa)G.H,x(fe)} l.=(Gi“(fc) | (l 

Z 

i. J (£,{kz)i,{kz)zdz Jin2G,(te)G,(fc)--G,_,(A-.)i£.^,(t:) --G,,,(/«)G,,_,{fe 

In 78 ,79, 80, when the lowca* limit is zta’o there is a restriction on v. 
Seo Cliap. VI. 


6. Modified functions of the first kind 

81. Jd-) = Joizi) — 1 "h(i2:)“-f 131)^2 

Z. (r!)'^ ' 

r --0 

*2ff rr 2jr 

82, 4(2) -- f 1 f Z f tif? 

-27r J rr J ztt J 

00 0 

27T 2 jr 

— ^ J cos( 2 ‘ 2 cos^) dd Z J uoHh( 2 eos^) dO 

0 0 

Sit 2 ir 

= — J COBh(2Sin6?) ™ Z J e^alnQ fJ0^ 

""0 0 

t A cylinder function satisfies 76 an<l 77. 8in<M) thoH<^ caii bo derived from 
74 and 75, it satisfies thorn also. 4 ( 2 ), and K^{z) are nut cylinder functions, 

since they do not satisfy 76 and 77, 
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11 i ( i")* L . \ 

83. JA-) r(i/ { 1)1 1 I ‘“2!(v~l-l){v+2r "3 

(m I- „ -L \ 

2‘'r(i/ ! l)\ ' 2(21/4-2) ^"2.4(2i/+2)(2v+4)'^“*) 

/i^\vl2r 

r- (» 

84. Whon 1;:| is Inr^^tMTiough ami 0 phases < tt, 

j ™ P (4y2,.,-12)(4i/2-~-32) \ 

■\J('irrz)\ . '2\(Szf —^ 

, . C“» I 4v2-~U (4 i/2~12)(4j/2- 

.i,. /.(l/'l _I 1 -1-- - -;r— 

' ^{2ttz)\ ^ l!8z ^ 2!(8z)“ 

VVlK^n R{z) >0 second series can be neglected. 

85. When is large <‘nough and —tt < phase s < 0, 

e- I (4i/'*i --14) (4i/"—P)(4vg —3^) ___ 1 

■ V(27tz)1 iTSz' 2!(8z)* '"I 

, ,iwj (, , (4^—1®) , (4v®-l®)(4v®- 

WIk'ii 7{(z) > 0 tho second serios can be neglected. 

80. /..„(2) /,.(=)■ 

H7. /,(z) 4(-) e.;„(-2i). 

88. z/i(z) l 

89. z/i(z) ^ - J'/„(z) i z/„-.i(s)- 

90. 2/i(z) /. a(=) from 88 and 89 by addition. 

91. — /.(s) Jy subtraction. 


1^+4 


92. i,',(z) hi-)- 

99. or ^{z-'i.e)} = 

94 . (i .4 

95. J s”/.(2); or ^{z‘'2v(2)} = 

90. (49" 

97. /MU.) 5^7) - 1 

aa T t^\ — f c±*“>s®8in®''0d6. /J{v) > — i- 

98. hi-) - ■v7r(j,+ |) J 
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BESSEL FUNCTIONS 


7T 

. I^,{z) = J cosh(zco8 6)Bin^^d dd. E(v) > —4. 


2(1-2;)’' f ,fzcos9\sm^^9 ^ i 

. 7 ( 25 ) == ~ ~ cosh . ^ ■^(»^) > —I* 

V7rr(3[/-f-i) J \zsm9fcoa^''9 ' 


101. J,(z) == ^ 


102. I^iz) 


(izy 

'^TrT'{V'\-\) 


1- X. 

j (l~-i2)’'"lcoshz^ R{v) > •—|. 


e-2co80(josn^<i:^ = ' 


TT 

J C-3COS0C 


COS n9 d9. 


'An n 

103. 1 ^( 2 ) ~ ^ J ^cos n9 d9 = “ J ^cos n9 d9. 

0 0 

104. I^(z) == y^~jsinh 2 = = i''^J^{zi), 

105. J.-j(2) == y^^^coshz ^ 

106. I I,(Jcz)Ulz)zdz = 


-,{kI,{lz)rA'kz)-lI,(kz)Ulz)] 




2 

107. J n[kz)zdz = -i2“[/;'(fe)-(i+^^^j)i5(fe)|. > -1. 

0 

2 

108 . J I,{kz)J.ilz)zdz ^ g^~j^[kJ„{h)Ii{kz)-lI,(kz)^^^^ 

^vik^)d^,,^,l{lz)}f E(v) '> — 1 . 

109. By writing zi for 2 and J^izi) = in formiilao 49 to 57 the corre¬ 

sponding expansions for the various functions can bo obtained in terms 
of 1 ^( 2 ). 


7, Modified fimctions of the second kind 

no. K,{z) = -{y+log(i*)}J„(*)+ 2^^'(i+i+i+...+ i) 

= h^i{I^(z)+iY^(zi)}. 

111 . K„{z) == J when (z] is large enough and -ir < phase z < w. 
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112. K„(s) 


whoro 


113. /C„(“) 


i2 

r-*0 QQ 

+ (-D"' ^ 2 l)+^(n+r+1)]}, . 

r“*0 

>l>(rh 1) === (l.f | + | + ... + i)_y, ^( 1 ) = _y, 

^,(n l-r |.l) (l + i + l + ...+ A^)_y; y = 0-5772.... 

i-rrlT vW--^(2)> , 1- -4. u 

“ ™ , and KJz) is the limit when v-^n. 

win VTT 


114. Whi^i l^l iH larg(^ (mough and — tt < phase z 
h\(z) 


7r\ ( (4va^P)...{4v^-(2r->^3 n 

,sr r I'.Ss ‘ 2!{8z)“‘' (r-l)!(8z)''-i 

115. K..,{z) - i7ri-’*-iLr«>(2i). 

116. zK'^z) - viC„(s)-2fi:„+i(2). 

117. zKl(z) - -vKAz)-zK,_^{z). 

118. 2K:i(z) = -[A’'„_i(z)+4K',+i(z)]. from 116 and 117 by addition. 


119. -jK,(z) 


K„ ,i(z)—K^^i(z), from 116 and 117 by subtraction. 




120 . K'oiz) -Ki<,z). 

131. I 2 - •'A'„,i(z) dz = -z-K,{z); or ^{z-’K^z)} = -z-'A,+i(z). 

122. |;)’'{s-'iC„(a)} - (-irz-'-’-iC^+Xz). 

123. J z'’K,_i{z) dz 4-: -z'K^iz) ; or = -z‘'A„_i(z). 

124. (i J^)Va.(“)} (-irz''-^A:,_,(z). 

126. A';(fa) - “ fcA;(ftz). 

00 

126 K (z) ^ f 6-^«»^hinh?'’dde, R(v) > -h -irr < phase z<hr> 

00 

J d^, > 0 , 

0 

00 

127. J4(jr) -- j 1)"”* ^ ^ ^ 

128. ir|(z) * ^ 
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129. = 7(1) e- 2 ruSjiW- 

r«0 

130. J K,{kz)K,{lz)zdz = 

= {lK^{kz)Ki(lz) - k K,(lz)K'Akz)] 

= {kK,mK.^x(kz) - J if „(fcz)K„+i{i2)} 

= {kK,_^(kz)K,(lz)-lK,_Sz)K{ks)). 

E(k-irl) > 0. 

The limits of integration should be observed. 

131. J zKH,kz)dz = [Ki'‘{kz)-{l + 

Z 

2 (IjlcY 

132. J* KJJcz)JJ,lz)zdz = ~1- 

^ ^ (i/ik)*' 

= + ^2qp|2* 

> -1, -P. 


z 

J K,{kz)I^{lz)z dz 


8. Struve’s function 


: ^^^{kI,(lz)Kt(kz)-lK,(kz)mz)} + 

(l/kY 

= -^^,{kK,J^{kz)^lz) + lI,_^{lz)K,(kz)}+^^^. 

R{v) > —1, k^^V^. 


2\z z® I 2 r . ( 2 sin 0 ) . 

134 . Ho(2) = "{i2”"x 27P^“ 12,32,52 —I ^ J ®^^(scos0) 

2/ 2^ Z« , 2®_\ 

135 . Hi(2) = -|j^ 12.32.5*^ 1^.32.52.7 ‘“r 


6- H„{.) = Jsin(^cos5)sin»''0d0 = J (l-«=)-isin(z«)dt, 

0 R(v) > -I, 

^ a2^‘'+2r+l 

^ ^ ^ -- ^ always. 


-2(-i)' 


r(r-|--i)r(y+r+f) 


136 a. When \z\ is large enough and i2(nH-J—v) > 0 


Hy( 2 ) 4 = ^^( 2 ) + - 2 


T{r-hi) /2\i'^2r-F 


r(y+i-r)\2 


where the remainder Sn can be made sufficiently small by taking \z\ 
large enough. The asymptotic expansion is used for ^^,( 2 ). 



137. 2H;{2) = + 

138. zHi(z) = -vH,{s)-t-zH,_i(s). 
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V7Tr(y-i“f) * 


(izY 


139. 2H'(2) = , 1 ( 2 ) + . from 137 and 138 by addition. 

VtiI (vH“ f) 

140. ^H,( 2 ) = H,_i( 2 ) + H,^i( 2 ) 137 and 138 by subtraction. 

Z 

140 a. Hi(z) = -- Hi(z); f 2 Ho(z) dz = 2 Hj(z); or ^{ 2 Hi(z)} = zH„( 2 ). 
tt J dz 

Z 

141. J z^Blj,_i(z) dz = ; or 

z 

142. -= 


143. J,(2)+iH,(2) = 


mzY 

V7rr(i/+J) 

mzY 


ifr 

iJ' 


gixCO80g£j^2p^ 


0 


== - r B(v) > 

VTri J 

0 

144. H,(l) - y(i)(l-C044) . 

145. = y(^)m= - Ji(4). 

146. f e-^'-°^‘>cose dd = 2—7r{Hi(z) + i</i(z)}. 

147. J e’«“%in20rf0 = ^{Ji{z)-iHi(z)}. 

0 

148. J e-“‘'“®cos20de = 2r[|j„(2)-'^“j-i(Ho(z)—?^|]. 


149. Jh.(.)*~|J( 


2 r 11 — cos( 2 sin^) 


sin0 




0 

' *^2n+l{z) 


160. H„(z)=-2-ff? 

71 = 0 

150a. m{z)+-WAz)+[l-^jn,(z)- 


V-n-^v+i) 


= 0 .' 
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9. Hyper geometric and gamma functions 

161. F(oc,fisy,z) = 14- ‘ absolutely con¬ 

vergent if \z\ < 1. When |z| = 1, it is absolutely convergent if 
E(y-~a-p) > 0. 

152. J= ^F(a,^,n+l,l). Ji{n + \-oc-^} > 0. 

0 

153. ^F(oi,p,y,x) = 

154. Fioc,^,Y,l) = ^(r) > «’ > 0. 

165. r( 14 - 2 ) == zT(z); r(n4-l) == n! when n is a positive integer: 0! — 1. 

156. r(i!;)r(l-z) = nlsinm; T{2z) = 2“->r(2)r(z+4)/V7r. 

00 

r{ 2 ) = J dz, R{z) > 0. 

0 

157. l/r(l— 2 :) = 0, when z is a positive non-zero integer. 

158. r(i) = Vtt; r(f) = f-i.VTr; r(~ J) - -2V7r; r(J) 2-079; r(|) == 1-354. 


10. Ber and bei functions 

159. Joizi^) == === ber 2 +^bei 2 . See Fig. 18 for and iK 

160. Jo(zi'~^ ~ = bers—-ibei^. 


161. ber 2 

162. ‘bei 2 


-(‘- 

-s- 


22.42 


22.4““ 


^22.42.02.82 I [ (2!)2 ^ (4!)2 J 

_ I _ ) __ /a.^2_ (!“=)“. (i^: 

.62 '"22.42.62.82.102 ■■■) (S!)*"' ('6! 


('6!)» 


....). 


163. Jy{zi^) = i^I^,(zi^) == ber^s-f^beij,2:. 

164. = hoT^,z — ^hei^,z. 


ber'A’2: f-fbei'A’s. 


166. ^{ber/cs-j-ibei/cs) 


A;(ber7c2 -f i boiVi'’^:). 


167. J'J(kzi^ = 'i”!?(ber'A.’2;4“7’bei7'2:); ber'Ajz-b'i bei7c2: — i^Jyi^kzi^, 

168. Formulae for order v are identical in form witli 165-K)? excepting that 

the order is inserted, e.g. ber^s. 

169. = ber^^^ + ibevs = M^,{z){coB0,,iz)-\-ism6^,{z)} ^ M^,{z)e%^^K 

170. ber^s; = M^,{z)qo&$^,(z) ; hoi^,z = M\,(z)Bm6t,{z), 

171. 6 ^{z) = tan"^(bci^ 2 /berj, 2 ); —^^( 2 :) tan'~^( —bei^s/beivs). 

172. 

173. ber 2 ; = M 0 {z)cos$q{z). 

174. bei 2 ; ™ MQ{z)Bin 6 Q{z), 
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176. hex'z = ikfi(z)cos(^i—J tt). 

176. bei'z = Mx(z)8m{6i—^). 

177. berj,2; = i{iW„4.i(2!)cos(^y^i—J tt)—■^,^_ i(2f)cos(<9^_i—J^)}. 

178. beij;z>=: J7r)~ilfy_j(2)sin(^^_.i--J7r)}. 

179. M^^(z) = 

180. = 6ni^)+n7r. 

■SI. 




169 


182. bei, 




183. berjz = T. ----^ ?(t+r?ir‘' 

( —in(v4-2r)(4z)-+»'-i . ., „ , 

r!r(v+r+l) smi{v+2r)7r. 


r-0 


184. h^iLz 


186.t When z is large enough and — Jrr < phase z < J^r, 

. eWa 
ber.g = 


|A,(*)coa^;^ — jTr+iw) -iir+i-vTr) |. 

186.t bei^a =-p_|j^^(2)cos(;^—iiT+iwT)+A,(z)sm(Z_j^4.j^j|, 


• V(2«) 

gj/V* 

' ^(^TTZ) 

where Ay(^) == 


(4v2~ia) , , , (--l)W~l*)(4vV3*)...{4i/2-(2r-l)2} , 

'-^ 

the number of the term being r-{-1; and 

(4i/*-l») . . . (-l)>-+i(4v*-l®)(4v»-3»)...{4v»-(2r-l)n . , 

-sin iw-... + i—5-■ JuoS v ’ - 


l!8z 

the number of the term being r. 

gS!/V2 


r\{Szy 


187. t ber^z ==Z__|^fr^(z)cos(;^ + Jir+Jv7r)—n„(z)sin^^ + J-n-+iv7r)|. 

188. t beijz ===-Z^^|ft^(z)cos(i + i7r+i./7r) + ^^(z)sin(^ +J7r+iv5r)|, 


where tfijiz) = l{Vi(z)+A,_,(z)} 
(4v*+1.3) 


= 1 - 


l!8z 


COS j[;ir-}-••• “h 


(--l)^(4y«~l«)(4y»-3«)...{4v«-(2r-3^)}{4i/8H-(2r-~l)(2r+l)} . 

r\{Szy ^ 

t 186, 186, 187, 188 are asymptotic expansions and the restriction concerning 
phases applies in all cases. 

3887.6 z 
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BESSEL FUNCTIONS 
the number of the term being (r+1), and 

(41^2+1.3) . . 

=•+ 

, (-l)>-+i(4v»-l‘')(4v2-3“)...{4i.®-(2r-3)2}{4./“ + (2r-l)(2r+l)} . , 

+-«>n i*-". 

the number of the term being r. 

r z d . 

189. J zh&thzdz = -bei'/ca:; or -^(zheVkz) — hzhevlcz, 

190. J z'beiiczdz = —|ber7c2; or ^(zhev'kz) == —Ajsboi 

z 

191. J (berj hz +beij hz)z dz — | (ber^ kz boi^ kz —boi^ kz ber' hz). 

z 

192. J (ber^Jk^j-hbei^A:;^)^: dz = ^Mo(A:2:)Mi(ifc2;)sin(^i~0o""i^)* 

z 

193. J (heri^kz-hhei!,^kz)z dz — ^(her^,kzheTi;kz-f-hei,kzhoiykz). 


z 

194. J (heT'^kz-\-hei'^kz)z dz = ^MQ{kz)Mj^(kz)cos(d 1—6^ — 177). 

z 

195. J s ber kz bei kz dz = ]cz bei kz + bei\ kz bei^ kz) 

= lz^{2 ber kz bei kz -{- (ber'2/c;j: — boi'^ATz)}. 

z 

196. J z(ber2/cz —bei^ibz) c?z — Jz2{(berJA:z->-beif/cz)~|~(bor2/cz —beMz)} 

= lz’^{(heT'^kz - bePAjz) - 2 bor'A:z bei 'kz}. 

197. berjz -\~ bei^z = Ml{z). 

198. ber'^z-l-bei'^^. M\(z). 

199. berz bei'z — beizbor'z = —Jtt). 

200. borzber'z + beizbei'z = ilfo( 2 )Mi(z)cos(^i —Jtt). 


11 . Ker and kei functions 

201. K^{z%^) = ker 2 -}-^ keiz == h7riH^^^{z%^), 

202. K^{zi~^) == kerz — ikeiz = ^7riH^}^(zi^)^ 

203. kerz = (log 2 — y — logz)berz -h jTrboiz— 

-||^‘(l+l) + |-J-^{l + i+i+i)—-- [y- 0-5772...,Iog2-y == 0-1159....] 

204. koi z — (log 2 — y — log z)bei z — Jtt bor z -f (J z)“ — ( 1 -b i +-}) I- • ■ • • 

205. — ker^z -f-'^kei^z. 

206. Kf,(zi^) = 'i‘'(keivz "f ikei^z) = jTri**' 

207. — 'i"^(kerj,z — ekei^z) ^U'Py{zi^. 
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208. 

209. 

210 . 
211 . 
212 . 

213. 

214. 

215. 

216. 

217. 

218. 

219. 

220 . 
221 . 
222 . 

223. 

224. 

225. 

226. 


— t*^(k6ryifc55 -{- ikeiyA;2j). 
d 

dz 1 keiy hz) = A;(kerJ 1cz~\-i kei^ hz). 

Ki{kzi^) = i^-^Ckerikz + i'keiikz). 

K^(zii) = = N,(z){cosi^,{z)-i-iv7r)^ism(<f>,(z) + 

N^(z)e^v^^^ == ker^z + tkei^g. 

N^{z)e^v^^^ = N^(z){cos(f>^,{z)~^ism.(f>^,(z)}. 

ker^z == N^,(z)coS(^^(z), (2/7r)A^^(2)6-W^)+ {«^+i)^r} ^ H^^\zi^). 

kei^z = N^{z)sm^^(z). 

kerz = iS7o<z)cos^o(z). 
keiz — J'^o(z)sin^o(z). 
ker'z = .f^i(z)cos(^i—J tt). 
kei'z = jV'i(z)sin(^i—J 77 ). 

kerja = i{-J^.+i(s)cos(^^+i-JiT)^^4_i(z)cos(^„_i-iir)}. 
keijz = i{-N'.+i< 2 )sin{^.+i-iiT)—^„_i(z)siii(^^_i-i5T)}. 

J^_„(z) = 2^«(z). 

^4_„(z) = ^„{z)+nw. 

ker^z = (log 2 ■— y~logz)ber„z + J7rbei„z+ 


4“ 


r-0 


cos{J(n4-2f)7r}4- 




227. 


r-0 

, kei^z = (log2 - 

Tl-l 


- y — log 2 )bei„z — J5rber„« + 

(I) sm{J(n4-2r)7r}- 


r-0 


228. 


r-0 

Formulae 226 and 227 can be obtained from 112 by taking 
i-^Kn{zi^) = ker^z + ikei„z 
and using (a), (6) example 54, Chap. VIII. 

By differentiating 226 and 227, we get 228 and 229. 

ker^z = (log 2 — y — logz)ber;z — +i7rbeiiz + 




n —JL 

Z 

r-0 


(_l)»t+f 


(2r-n)(n-r-1)! 


rl 


cos{J(n+2r)7r}4- 


+- 

^4 





172 


229. keiJjZ (log2 — y — logx)heinZ 


BESSEL FUNCTIONS 
heLz 


j7rbor;2 + 


+ 


_ 2 (-!)»+' 


{2r—n)(n—r~l)l ‘ ^ 


sm{J(^i“h2r)7r}- 


r«0 

230. When l^j is large enough and — Jtt < phase z < Jtt, 

ker^ 3 = y (^) 6 {a^( -- z)oos^-^ + in+ivn^ + Xv( - 3)sin + ^ 77 +i w] |. 


231. kei.z 


+y (£)•■''•" 

!x,(-3)C0s[ 

232. ker^z 


[W-3)C08( 

233. keijz 



|n„{—z)COs( 


where A,(— 2 ), Xvi^^)> 0^(—z) are obtained by writing —z 

for 2 in the formulae given previously at 186 and 188. 

* 7 

z ker Jczdz ^ 'keVkz ; ^ kei7c2) = kz ker kz. 

J zh^ikz dz = ~|ker'A: 2 ; or ^{zhev'kz) = —kzliQikz. 

z 

236. J (kerj kz + keij kz)z dz == ~(ker^ kz koi^ kz — koi^ kz korj kz). 

z 

237. J d2 = ”No(2)Ni(2)8in(<j&i—^o —Itt). 

z 

238. J {ket'^^kz + 'kQ\v^kz)z dz = ^^(kor^,kzkor't,kz + koi^^zkoi^/b^). 

z 

239. J (ker'^ibz+kei'^^z)^ dz == ~N^)(z).Ai^j(2)cos(«^i'-"^o~|7T). 


a 

240. J (ber^zker'z — b©i^zkei'z )2 dz = 2 {borizk©riZ — beiizkeiiz), 

241. kerjz + keijz = Nl(z). 

242. ker'^z+kei'^z == Nf(z). 

243. kerzkei'z — keizkor'z = jNo(z)Ni(z)8in(^i--*’^o—J tt). 

244. kerzker'z + keizkoi'z = J/o(z)Ni{z)cos(^i— 

245. bei'zker'z — ber'zkei'z = ilfi(z)jVj{z)sin(djL—^ 1 ). 

246. ber'zker'z + bei'zkei'z = Mj(z)N'i(z)cos(^i—^ 1 ). 



TABLES 


Table 1 


z 

0 

0-1 

0-2 

0-3 

0-4 

0-6 

0-6 

0-7 

0-8 

0-9 

0 

1-0000 

0-9976 

0-9900 

0-9776 

0-9604 

0-9386 

0-9120 

0-8812 

0-8463 

0-8076 

1 

0*7662 

0-7196 

0-6711 

0-6201 

0-6669 

0-6118 

0-4664 

0-3980 

0-3400 

0-3818 

2 

0-2239 

0-1666 

0-1104 

0-0666 

0-0026 

- 0-0484 

- 0-0968 

- 0-1424 

- 0-1860 

- 0-3243 

3 

- 0-2601 

- 0-2921 

- 0-3202 

- 0-3443 

! - 0-3643 

- 0-3801 

- 0-3918 

- 0-3993 

- 0-4026 

- 0-4018 

4 

- 0-3971 

- 0-8887 

- 0-3766 

- 0-3610 

- 0-3423 

- 0-3206 

- 0-2961 

- 0*2693 

- 0-2404 

- 0-2097 

5 

- 0-1776 

- 0-1443 

- 0-1103 

- 0-0768 

- 0-0412 

- 0-0068 

0-0370 

H - 0-0599 

0-0917 

0*1220 

6 

0-1506 

0-1773 

0-2017 

0-2238 

0-2433 

0-2601 

0-2740 

0-2851 

0-2931 

; 0*3981 

7 

0-3001 

0-2991 

0-2961 

0-2882 

0-2786 

0-2663 

0-2516 

0-2346 

0-2164 

0*1944 

8 

0-1717 

0-1475 

0-1222 

0-0960 

0-0692 

0-0419 

0-0146 

- 0-0126 

- 0-0392 

- 0*0663 

9 

- 0-0903 

- 0-1142 

- 0-1367 

- 0-1677 

- 0-1768 

- 0-1939 

- 0.2090 

- 0*2218 

- 0-2323 

- 0*3403 

10 

- 0-2469 

- 0-2490 

- 0-2496 

- 0-2477 

- 0-2434 

- 0-2866 

- 0-2276 

- 0-2164 

- 0-2032 

- 0*1881 

11 

••- 0-1712 

- 0-1628 

- 0-1330 

- 0-1121 

- 0-0902 

- 0-0677 

- 0-0446 

- 0-0213 

- 1 - 0-0020 

0*0260 

12 

0-0477 

0-0697 

0-0908 

0-1108 

0-1296 

0-1469 

0-1626 

0-1766 

0-1887 

0*1988 

13 

0-2069 

0-2129 

0-2167 

0-2183 

0-2177 

0-3150 

0-2101 

0-2032 

0-1943 

0*1836 

14 

0-1711 

0-1570 

0-1414 

0-1245 

. 0-1066 

0-0875 

0-0679 

0-0476 

0-0271 

0*0064 

15 

- 0-0142 

- 0-0346 

- 0-0644 

- 0-0736 

- 0-0919 

- 0-1092 

- 0-1253 

- 0-1401 

- 0*1633 

- 0*1650 


When^J > 15*9, 

?^~|sin(67-296«+45)° + isin(67-296s-45)“|. 


Table 2 
J,(z) 


z 

0 

0-1 

0-2 

0*3 

, 0-4 

0*5 

0-6 

0*7 

1 0-8 

1 0-9 

0 

0-0000 

0-0499 

0-0995 

0-1483 

0-1960 

0*2423 

0-2867 

0*3290 

0-3688 

0*4059 

1 

0-4401 

0-4709 

0-4983 

0-5220 

0-5419 

0*5579 

0*6699 

0-6778 

0-5815 

0-6812 

2 

0-6767 

0-5683 

0-6660 

0-5399 

0-6202 

0*4971 

0*4708 

0-4416 

0-4097 

0-3764 

3 

0-3391 

0-3009 

0*2613 

0-2207 

0-1792 

0*1374 

0-0966 

0-0538 

0-0128 

- 0-0272 

4 

^ — 0-0660 

- 0*1033 

- 0*1380 

- 0-1719 

- 0-2028 

- 0*2311 

- 0-2666 

- 0*2791 

- 0-2986 

- 0-3147 

5 

— 0-3276 

- 0-3371 

- 0*3432 

- 0-3460 

- 0-3458 

- 0-3414 

- 0-3343 

- 0-3241 

- 0-3110 

- 0-2951 

6 

0-2767 

- 0-2669 

-^ 0*2329 

- 0-2081 

- 0-1816 

- 0-1638 

- 0-1280 

- 0 * 095.3 

- 0-0652 

- 0-0349 

7 

— 0-0047 

+ 0-0262 

0*0643 

0-0826 

0-1096 

0-1362 

0*1592 

0-1813 

i 0-2014 

0-2192 

8 i 

0-2346 

0-2476 

0*2680 

0-2667 

0*2708 

0-2731 

0-2728 

0-2697 

0 - 2641 ! 

0-2569 

9 

0-2463 

0-2324 

0*2174 

0-2004 

0-1816 

0-1613 

0-1396 

0-1166 

0-0928 

0-0684 

10 

0-0435 

0-0184 

- 0*0066 

- 0-0313 

- 0*0686 

- 0-0789 

- 0-1012 

- 0-1224 

- 0*1422 

- 0-1603 

11 

— 0-1768 

- 0-1913 

- 0*2039 

- 0-2143 

- 0*2226 

- 0-2284 

- 6-2320 

- 0*2333 

- 0*2323 

— 0*2290 

12 

— 0*2234 

- 0-2167 

- 0*2060 

- 0-1943 

- 0-1807 

- 0-1655 

- 0-1487 

- 0-1307 

- 0-1114 

- 0*0912 

13 

— 0-0703 

- 0-0489 

- 0*0271 

- 0-0062 

+ 0*0166 

0-0380 

0-0590 

0-0791 

0-0984 

0*1165 

14 

0-1334 

0-1488 

0-1626 

0-1747 

0*1860 

0-1934 

0-1999 

0-2043 

0-2066 

0-2069 

16 

0-2051 

0-2013 

0*1966 

0-1879 

0*1784 

0-1672 

0-1544 

0-1402 

0-1247 

0-1080 


When z > 15*9, 

0'7979|gjj^|g,jf.29gj,_45)o 4 . ^sin(67'296z+45)°|. 
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Table 3 
Yoi^) 


e 

0 

0-1 

0-2 

0-3 

0-4 

0-6 

0-6 

0*7 

0-8 

0*9 

0 

~ 00 

- 1-634 

- 1-081 

- 0-8073 

- 0-6060 

- 0-4446 

- 0*3086 

- 0-1907 

- 0-0868 

+ 0-0066 

1 

0-0883 

0-1622 

0-2281 

0-2866 , 

0-3379 

0-3824 

0-4204 

0*4620 

0-4774 

0-4968 

2 

0-6104 

0-6183 

0-6208 

0-5181 

0-6104 

0-4981 

0*4813 

0*4605 

0-4869 

0-4079 

3 

0-3769 

0-3431 

0-3071 

0-2691 

0-2296 

0-1890 

0*1477 

0-1061 

0-0646 

0-0234 

4 

- 0-0169 

- 0-0561 

- 0-0938 

- 0-1296 

- 0*1633 

- 0-1947 

- 0*2236 

- 0*2494 

- 0-2723 

- 0-2931 

5 

- 0-3086 

- 0*3216 

- 0-3313 

- 0-3374 

- 0*3402 

- 0*3396 

- 0*3364 

- 0*3282 

- 0-3177 

- 0-3044 

6 

- 0-2882 

- 0-2694 

- 0-2483 

- 0-2261 

- 0*1999 

- 0-1732 

- 0*1462 

- 0-1162 

- 0-0864 

- 0-0663 

7 

- 0-0269 

- 1 - 0*0042 

0-0339 

0-0028 

0*0907 

0-1173 

0*1424 

0-1658 

0-1872 

0-2066 

8 

0-2236 

0-2381 

0-2601 

0-2696 

0*2662 

0-2702 

0*2715 

0-2700 

0-2669 

0-2693 

9 

0-2499 

0-2383 

0-2246 

0-2086 

0*1907 

0-1712 

0*1602 

0-1279 

0-1046 

0-0804 

10 

0-0657 

0-0307 

0-0066 

- 0-0193 

- 0-0437 

- 0-0675 

- 0*0904 

- 0-1122 

- 0-1326 

- 0-1616 

11 

- 0-1688 

- 0-1843 

- 0-1977 

- 0-2091 

- 0*2183 

- 0-2262 

- 0*2299 

- 0-2322 

- 0-2322 

- 0-2298 

12 

- 0-2262 

- 0-2184 

- 0-2095 

- 0-1986 

- 0*1868 

- 0-1712 

- 0*1651 

- 0-1376 

- 0-1187 

- 0-0989 

13 

- 0-0782 

- 0-0669 

- 0-0362 

- 0-0134 

+ 0*0086 

+ 0-0301 

+ 0*0512 

0-0717 

0-0913 

0-1099 

14 

0-1272 

0-1431 

0-1676 

0-1703 

0*1812 

0-1903 

0*1974 

0-2025 

0-2066 

0-2065 

16 

0-2056 

0-2023 

0-1972 

0-1902 

0-1813 

0-1706 

0-1684 

0-1146 

0-1296 

0-1132 


Whenz>15-9, 

3 ^ 0 ( 2 ) =F J{^ {sin(z - ifl") - ^ siii(z+i^) | 

0.7970/ 1 \ 

=:-~^~-|sin(57-296z-46)^-~sin(57-296s-f45)M^ 


Table 4 
Y,{z) 


z 

0 

0-1 

0-2 

0*3 

0*4 

0*6 

0-6 

0*7 

0-8 

0-9 

0 

— 00 

- 6-469 

- 3-324 

- 2-293 

- 1*781 

- 1*471 

- 1-260 

- 1*103 

- 0-9781 

- 0-8731 

1 

- 0-7812 

7 - 0-6981 

- 0-6211 

- 0-6485 

- 0*4791 

- 0-4123 

- 0-3476 

- 0*2847 

- 0*2237 

- 0*1644 

2 

- 0-1070 

- 0-0617 

+ 0*0016 

+ 0-0623 

0*1006 

0-1469 

0-1884 

0-2276 

0*2636 

0*2969 

3 

0-3247 

0-3496 

0-3707 

0-3879 

0*4010 

0*4102 

0-4164 

0-4167 

0*4141 

0*4078 

4 

0-3979 

0-3846 

0*3680 

0-3484 

0*3260 

0*3010 

0-2737 

0-2446 

0*2136 

0*1812 

5 

0*1479 

0-1137 

0*0792 

0*0446 

0*0101 

- 0*0238 

- 0-0668 

1 - 0-0887 

- 0'1192 

- 0*1481 

6 

- 0*1760 

- 0-1998 

- 0*2223 

- 0*2422 

- 0*2696 

- 0*2741 

- 0*2867 

- 0 - 29-16 

- 0*3002 

- 0*3029 

7 

i - 0*3027 

- 0-2995 

- 0*2934 

- 0*2846 

- 0*2731 

- 0*2691 

- 0-2428 

- 0-2243 

- 0-2039 

- 0*1817 

8 

- 0*1581 

- 0-1331 

- 0*1072 

- 0*0806 

- 0*0636 

- 0*0262 

+ 0-0011 

+ 0*0280 

0-0644 

0*0799 

9 

+ 0*1043 

0-1276 

0-1491 

0*1691 

0*1871 

0*2032 

0-2171 

0-2287 

0*2379 

0*2447 

10 

0*2490 

0-2608 

0-2602 

0*2471 

0*2416 

0*2337 

0*2236 

0*2114 

0*1973 

0*1813 

11 

0*1637 

0-1446 

0-1243 

0*1029 

0*0807 

0*0679 

0*0348 

0-0114 

- 0-0118 

- 0*0347 

12 

- 0-0671 

- 0-0787 

- 0*0994 

- 0*1189 

- 0*1371 

- 0*1538 

- 0-1689 

- 0-1821 

- 0*1936 

- 0*2028 

13 

- 0*2101 

- 0-2162 

- 0*2183 

- 0-2190 

- 0*2176 

- 0*2140 

- 0-2084 

- 0-2007 

- 0*1912 

- 0*1798 

14 

- 0*1666 

- 0-1620 

- 0-1369 

- 0-1186 

- 0*1003 

- 0*0810 

- 0*0612 

- 0-0408 

- 0*0202 

+ 0*0006 

16 

0*0211 

0-0413 

0-0609 

0-0799 

0*0979 

0*1148 

0*1306 

0-1447 

0*1676 

0*1686 


When z > 16-9, 

0*7979 ^ S \ 

== -~-l8in{57-296z-136)° + —sin(67-296z-46)°j. 
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Table 5 
«4(2) ' 


0 

O-l* 

0-2 

0-3 

0*4 

0-5 

0-6 

0-7 

0-8 

0-9 

O'OOOO 

0-0012 

0-0050 

0-0113 

0-0197 

0-0306 

0-0437 

0-0588 

0-0758 

0-0946 

0-1149 

0-1366 

0-1593 

0-1830 

0-2074 

0-2321 

0-2570 

0-2817 

0-3061 

0-3299 

0-3528 

0-3746 

0-3951 

0-4139 

0-4310 

0-4461 

0-4590 

0-4696 

0-4777 

0-4832 

0-4861 

0-4802 

0-4835 

0*4780 

0-4697 

0-4586 

0-4448 

0-4283 

0-4093 

0-3879 

0-3641 

0-3383 

0-3105 

0-2811 

0-2501 

0-2178 

0-1846 

0-1506 

0-1161 

0-0813 


When 0 < z < i, J,(z) = ^(l - 


•4(2) 


0 

0-0000 

0-0000 

0-0002 

0-0006 

0-0013 

0-0026 

0-0044 

0-0069 j 

0-0102 

0-0144 

1 

0-0196 

0-0257 

0-0329 

0-0411 

0-0505 

0-0610 

0-0725 

0-0851 

0-0988 

0-1134 

2 

0-1289 

0-1453 

0-1623 

0-1800 ! 

0-1981 

0-2166 

0-2353 

0-2540 

0-2727 

0-2911 

3 

0-3091 

0-3264 

0-3431 

0-3588 

0-3734 

0-3868 

0-3988 

0-4092 

0-4180 

0-4250 

4 

0*4302 

0-4333 

0-4344 

0*4333 

0-4301 

0-4247 

0-4171 

0-4072 

0-3952 

0-3811 


WhenO<z<l, = 


Ji(z) 


0 

0-0000 

0-0000 

0-0000 

0-0000 

0-0001 

0-0002 

0-0003 

0-0006 

0-0010 

0-0016 

1 

0-0025 

0-0036 

0-0050 

0-0068 

0-0091 

0*0118 

0-0150 

0-0188 

0-0232 

0-0283 

2 

0-0340 

0-0405 

0-0476 

0-0556 

0-0643 

0-0738 

0-0840 

0-0950 

0-1067 1 

0-1190 

3 

0-1320 

0-1456 

0-1597 

0-1743 

0-1891 

0-2044 

0-2198 

0-2353 

0-2507 

0-2661 

4 

0-2811 

0-2958 

0-3100 

0-3236 

0-3365 

0-3484 

0-3594 

0-3693 

0-3780 

0-3853 


When 0 < z < 1 
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Table 6 
Ho(2) 


z 

0 

0-1 

0-2 

0-3 

0-4 

0-6 

0-6 

0-7 

0-8 

0-9 

0 

0-0000 

0-0636 

0-1368 

0-1891 

0-3601 

0-3096 

0-3669 

0 - 43 IH 

0-4740 

0-6230 

1 

0-6087 

0-6108 

0-6486 

0-6824 

0-7118 

0-7867 

0-7670 

, 0-7736 

1 0-7836 

0-7898 

2 

0-7909 

0-7876 

0-7796 

0-7673 

0-7606 

0-7300 

0-7064 

()-6773 

0-6469 

0-6114 

3 

0-6743 

0-6348 

0-4934 

0-4603 

0-4060 

0-3608 

0-3161 

0-3694 

0-3338 

0-1789 

4 

0-1360 

0-0934 

0-0616 

0-0136 

- 0-0348 

- 0-0686 

- 0-0901 

- 0-1187 

i -01443 

" 0-1664 

fi 

-• 0-1862 

- 0-3006 

„ 0-3124 

- 0-3208 

- 0-3366 

- 0-3368 

- 0-3247 

- 0-3193 

i - 0-3107 

- 0-1990 

6 

- 0-1840 

- 0*1674 

- 0-1479 

- o-ms 

- 0-1025 

- 0 - 077 S 

- 0-0607 

- 0 - 02 S 0 

+ 0-0064 

0-0348 

7 

0-0634 

0-0933 

0-1208 

0-1486 

0-1768 

0-3009 

0-3349 

0-3472 

0-3677 

0-3860 

8 

0-3020 

0-8166 

0-8267 

0-3363 

0-8410 

0-3443 

0-3446 

0-3438 

0-3374 

0-3299 

9 

0-3199 

0-3076 

0-2939 

0-3763 

0 - S 578 

0-3876 

0-3158 

0-1939 

0-1689 

0-1441 

10 

0-1187 

0-0931 

0-0674 

0-0430 

0-0169 

- 0-0074 

- 0-0309 

- 0-0632 

- 0-0743 

- 0-0986 

11 

- 0-1114 

- 0-1274 

- 0-1413 

- 0 - 16 S 3 

- 0-1639 

- 0-1708 

- 0-1764 

- 0-1781 

- 0 - 17 S 6 

- 0-1767 

12 

- 0-1726 

- 0*1662 

- 0-1677 

- 0-1473 

- 0-1848 

- 0 - 13 (MJ 

- 0-1048 

- 0-0877 

- 0-0693 

- 0-0498 

13 i 

- 0-0296 

- 0-0086 

+ 0-0127 

+ 0-0343 

0*0567 

0-0770 

0-0978 

0-1179 

0-1373 

0-1664 

14 1 

0-1724 

0-1881 

0-2033 

0-2146 

0-3362 

0-2840 

0-2408 

0-3466 

0-3484 

0-3491 

15 1 

0-2477 

0-3443 

0-2389 

0-3316 

0-3336 

0-2116 

0-1990 

0-1860 

0-1696 

0-1630 


When z > 15-9, 

lUz) = y«(z)+:| 

== ?^^-^sin(67-296z-45)'‘ - isin(57-298z+46)° [ + —~® 


Table 7 
H,(^) 


z 

0 

0-1 

0-2 

0-3 

0-4 

0-6 

0-6 

0-7 

0-8 

0-9 

0 

0-0000 

0-0021 

0-0086 

0-0190 

0 - 03 S 6 

0-0633 

0-0746 

0-1006 

0-1301 

0-1628 

1 

0-1985 

0-3368 

0-3774 

0-3201 

0-3646 

. 0-4108 

0-4670 

0-6044 

0-6631 

0-6997 

2 

0-6468 

0-6930 

0-7381 

0-7817 

0-8286 

0-8682 

0-9004 

0-9349 

0-9666 

0-9960 

3 

1-020 

1-042 

1-060 

1-074 

1-086 

1-092 

1-006 

1-094 

1-089 

1-081 

4 

1-070 

1-066 

1-037 

1-016 

0-9931 

0-9660 

0-9876 

0-9073 

0*8764 

0-8431 

6 

0-8078 

0-7728 

0-7878 

0-7021 

0-6670 

0-6834 

0-5987 

0-5661 

0-6860 

0-5066 

6 


Wmm 

■t 

mmwm 

mum 

K 1 

0-3647 

0 - S 666 

0*8496 

0-3464 

7 


K 1 % |{9 

B 'MSM 


bLliIb 

mlim 

04044 

0 - 432 e 

0-4438 

0-4647 

8 

0-4881 



BfiZi 

K 1 

B SI 

mmm 

0-6738 

msm 

0-7343 

9 

0-7486 ' 



0*8128 

0-8807 

B H 

0-8604 

0-8719 

0-8810 

0-8876 

10 

0-8918 

0-8985 

0-8938 

0-8896 

0-8889 

0-8760 

0-8668 

0-8636 ' 

0-8392 

0-8232 

11 

0-8066 

0-7863 

0-7669 

0-7444 

0-7332 

0-6998 

0-0760 

0-6626 

0-6398 

0-6063 

12 

0-6839 

0-6621 

0-6414 

0-6318 

0-6085 

0-4868 

0-4717 

0-4684 

0-4470 

0-4376 

13 

0-4302 

0-4261 

0-4220 

0-4212 

0-4226 

0-4260 

0-4316 

0-4592 

0-4488 

0-4601 

14 

0-4732 

0-4878 

0-6088 

0-6211 

0-6394 

0-6686 

0-6784 

0-6987 

0-6198 

0-6400 

15 

0-6606 

0-6807 

0-7003 

0-7192 

0-7871 

0-7640 

0-7697 

0-7839 

0-7966 

0-8077 


When a > 16-9, 

Hi(a) = y»{a)+?jl + i) 

0*7979f . 3 \ I l\ 

4= -™~^~|sm(67*2962;~136r + 0*6366^1 -f ij. 
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Table 8 
Berz 


z 

0 j 

0-1 1 

0-2 

0-3 

0-4 

0-5 

0-6 

0-7 

0-8 

0-9 

0 

1 - 0000 ! 

1-0000 

1-0000 

0-9999 ' 

0-9996 

0-9990 

0-9980 

0-9962 1 

0-9936 

0-9898 

1 

0-9844 

0-9771 

0-9676 

0-9554 

0-9401 

0-9211 

0-8979 

0-8700 

0-8367 

0-7975 

2 

0-7517 

0-0987 

0-6377 

0-6680 

0-4890 

0-4000 

0-3001 

0-1887 

0-0651 

- 0-0714 

3 

- 0-2214 

- 0-3855 

- 0-5644 

- 0-7584 

- 0-9680 

- 1-194 

- 1-435 

- 1-693 

- 1-967 

- 2-258 

4 

- 2 - 5(!3 

- 2-884 

- 3-219 

- 3-,568 

- 3-928 

- 4-299 

- 4-678 

- 6-064 

- 5-453 

- 5-843 

6 

- G -230 

- 6-611 

- 6-980 

- 7-334 

- 7-667 

- 7-974 

- 8-247 

- 8-479 

- 8-664 

- 8-794 

(J 

- 8-868 

- 8-849 

- 8-756 

- 8-569 

- 8-276 

- 7-867 

- 7-329 

- 6-649 

- 6-816 

- 4-815 

7 

- 3-633 

- 2-257 

- 0-6737 

+ 1-131 1 

3-169 

6-465 

7-999 

10-81 

13-91 

17-29 

8 

20-07 

24-96 

29-25 

33-84 

38-74 

43-94 

49-42 

56-19 

61-21 

67-47 

9 

10 

1 73-91 
138-8 

80-58 

87-35 

94-21 

101-1 

108-0 

114-7 

121-3 

127-5 

133-4 


When 2 ; > 10, 

hGTZ = — |sin(40-5142:+ 67-5)°-f —sin(40-5142;-f 22-5r|. 

When 0 < is < 1, see (6 a) p. 120. 


Beiz 


z 

0 

0-1 

0-2 

0 

* 0-0000 

0-0025 

0-0100 

1 

0-2496 

0-3017 

0-3587 

2 

0-9723 

1 - 0 G 5 

1-161 

3 

1-938 

2-023 

2-102 

4 

2-293 

2-231 

2-142 

6 

0-1160 

- 0-3467 

- 0-8658 

0 

- 7-335 

- 8-454 

— 9-644 

7 

- 21-24 

- 22-85 

- 24-46 

H 

- 35-02 

- 35-67 

- 36-06 

0 

10 

. 24-71 

56-37 

- 20-72 

- 16-98 


0-3 

0-4 

0-5 

0-6 

0-7 

0-8 

0-9 

0-0225 

0-0400 

0-0625 

0-0900 

0-1224 

0-1599 

0-2023 

0-4204 

0-4867 

0-5576 

0-6327 

0-7120 

0-7953 

' 0-8821 

1-259 

1-357 

1-457 

1-557 

1-656 

1-753 

1-847 

2-172 

2-233 

2-283 

2-320 

2-341 

2-345 

2-330 

2-024 

1:873 

1-686 

1-461 

1-195 

0-8837 

0-5251 

- 1-444 

- 2-085 

- 2-789 

- 3-560 

- 4-399 

- 5-307 

- 6-285 

- 10-90 

— 12-22 

- 13-61 

- 15-05 

- 16-54 

- 18-07 

- 19-64 

-26 05 

- 27-61 

- 29-12 

- 30-55 

- 31-88 

- 33-09 

- 34-15 

- 36-16 

- 35-92 

- 35-30 

- 34-25 

- 32-71 

- 30-65 

- 28-00 

- 10-41 

- 3-969 

3-411 

11-79 

' 

21-22 i 

31-76 

43-46 


When 2 > 10, 

boiz 4=-:??^-?!^^|sin(40-514z-22-5)°+^sm(40-514z-67-5)“|. 
When 0 < 2 < 1, S0e‘<6b), p. 120. 


3837.5 


Aa 
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Table 9 
Ber'z 


0 

0-1 

0-2 

0-3 

0-4 

0-5 

()•« 

0-7 

0-K 

0-9 

O'OOOO 

0-0000 

-0-0006 

-0-0017 

-0-0040 

-0-0078 

-0-0136 

-0-02M 

•^•0-033() 

-0-0465 

-0-0(i24 

-0-0H31 

-0-1078 

-0*1370 

-0-1709 

-0*2100 

-0*3545 

- 0-30-18 

- 0-3613 

- 0-4238 

- 0-4931 

-0-6691 

-0-6520 

-0-7420 

-0-8393 

-0*9436 

-1-055 

~ 1-174 

.1-299 

- 1-431 

-^1-670 

-1*714 

-1-864 

-2-018 

-2-175 

-2-336 

-3-498 

-2-66! 

- 2-S33 

.2-9H1 

- 3-136 

-3-283 

-3-420 

-3*547 

-3-659 

-3-754 

-3-828 

- 3-H7H 

-3-901 

-3-891 

-3-846 

-3-769 

-3-627 

-3-445 

-3-206 

-2*907 

-3-541 

- 2*103 

1-586 

1 -0-9844 

-0-3931 

+ 0-4943 

1-384 

2-380 

3-490 

4*717 

6-067 

7*544 

9-161 

1 10-89 

12-7G 

14-77 

16-92 

19-19 

21-60 

24-13 

26-78 

39*&3 

32-38 

35-31 

38-31 

41-35 

44-12 

47-47 

50-49 

1 63-44 

56-28 

68*97 

61-16 

63-68 

65-60 

51-20 

67-14 

68-25 

68-83 

68-82 

68-13 

66-67 

64-35 

61-07 

66-72 


When 3 > 10, 

ber'z == {sin(40-514z+112-5)°- |;sin(40-514z+67-5)<’j. 

When 0 < z < 1, differentiate (6 a) p. 120. 


Bei'z 


z 

0 

0*1 

0-2 

0-3 

0*4 

0*5 

0*6 

0*7 

0-8 1 

0*9 

0 

0*0000 

0*0600 

0-1000 

0-1500 

0*2000 

0*2499 

0*2998 

0-3496 

0-3991 

0-4485 

1 

0-4974 

0-645H 

0*5935 

0-6403 

0-6800 

0-7303 

0*7727 

0*8131 

0-86091 

0-8857 

2 

0-9170 

0-9443 

0-9606 

0-9H36 

0-9944 

0-9983 

0*9943 

0*9816 

0-9690! 

0-9257 

3 

0-8806 

0-8223 

0*7499 

0-6621 

0-5577 

0-4353 

0*2937 

0*1316! 

-0-0526 

-.0-2597 

4 

-0-4911 

-0-7481 

-1-033 

-1-343 

-1-683 * 

-2-053 

-2*452 

-2*882 

-3-342 

■3-833 

5 

-4-354 

-4-905 

-5-484 

-6-089 

-6-720 

-7*373 

-8*045 ’ 

-8*734 

-9-433 

-10-14 

6 

-10*86 

-11-66 

-12-23 

-13-90 

-13*54 

-14-13 

-14*67 ! 

-16*15 

-■■15-54 ^ 

.15-85 

7 

-16*04 

-16-11 

-16-03 

-15*79 

-16*37 

-14-74 

-13*88 i 

-12*76 

-11-37 

- 9-681 

8 

-7*660 

-6-386 

-2-630 

+ 0*0341 

4*232 

8-290 

12*83 ! 

17*88 ' 

23-47 

29-60 

9 

10 

36*30 

136*3 

43-68 

01-46 

69*94 

69*01 

78*68 

88*94 

99*76 ' 

____ 

IU-1 

123-0 


When 2 > 10, 

bei'z ± ^■^*^®®^|sin(40-514z+22-6)®-^8in(40-514z-22-5)“|. 
When 0 < 2 < 1, differentiate (6 b) p. 120. 
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Table 10 
Kerz 



z 

0 

0*1 

0*2 

0-3 

0*4 

0*5 

0*6 

0*7 

0*8 

0-9 


0 

4-00 

2*420 

1 * 7.33 

1*337 

1*063 

0*8559 

0*6931 

0*5614 

0*4529 

0*3625 


1 , 

0*2807 

0*2228 

0-1689 

0*1235 

0*0851 

0*0529 

0*0260 

0-0037 

- 0*0147 

- 0*0297 


2 

- 0-0417 

- 0*0511 

- 0*0583 

- 0*0637 

- 0*0674 

- 0*0697 

- 0*0708 

- 0*0710 

- 0*0703 

- 0*0689 


3 

- 0*0070 

-^*0047 

- 0*0620 

- 0*0590 

- 0*0559 

- 0-0526 

- 0*0493 

- 0*0460 

- 0*0426 

- 0-0394 

10 -»x 

4 

- 8,018 

- 3,308 

- 3,011 

- 2,726 

- 2,456 

- 2,200 

- 1,960 

- 1,734 

- 1,525 

- 1,330 

10 -“X 

5 

- 1,151 

- 986*6 

- 835*9 

- 698*9 

- 674*9 

- 463*2 

- 363*2 

- 274*0 

- 195*2 

- 125*8 

Kr«x 

(I 

- 053*0 

- 129*5 

-f 319*1 

699*1 

1,017 

1,278 

1,488 

1,653 

1,777 

1,866 

10-“X 

7 

1,922 

1,951 

1,966 

1,940 

1,907 

1,860 

1,800 

1,731 

1,655 

1,572 

10 -"«X 

8 

1,480 

1,397 

1,306 

1,216 1 

1,126 

1,037 ! 

951*1 

867*5 1 

787*1 

710*2 

io“«x ; 

10 “-"X 

1) 

10 

087*2 

120*5 

668*1 

503*0 

442*2 

385*5 

333*0 

284*6 

240*2 

199*6 

162*8 


When > 10, 


ker z == 


l * 2533 e '- VV 2 / ^ 


^Iz 


sin(40-5 Us 4-112-5)° + ^ sin(40-514s - 22-5)' 

oZ 


When 0 


< 1 , 


kors = 


+ i44,’^^'+576(‘^“+ 12 )^* ' 


Keiz 



z 

0 

0*1 

0*2 

0*3 

0*4 

0*5 

0*6 

0*7 

0*8 

0-9 


0 

-• 0*7854 

- 0*7769 

- 0*7581 

- 0*7331 

- 0*7038 

- 0*6716 

- 0*6374 

- 0*6022 

- 0*5664 

- 0-5305 


1 

- 0*4950 

- 0*4601 

- 0*4262 

- 0*3933 

- 0*3617 

- 0*3314 

- 0*3026 

- 0*2752 

- 0*2494 

- 0-2251 


2 

- 0*2024 

- 0*1812 

- 0*1614 

- 0*1431 

- 0*1262 

- 0*1107 

- 0*0964 

- 0*0834 

- 0*0716 

- 0-0608 

10 "“ x 

8 

-- 5,112 

- 4,240 

- 3,458 

- 2,762 

- 2,145 

- 1,600 

- 1,123 

- 707*7 

- 348*7 

- 41*08 

10 '"‘x 

4 

•^- 2,198 

4,386 

6,194 

7,661 

8,826 

9,721 

10,380 

10,830 

11,100 

11,210 

10 "'" X: 

5 

11,190 

11,050 

10,820 

lOiSlO 

10,140 

9,716 

9,255 

8,766 

i 8,258 

7,739 

10 "" X 

6 

7,216 

6,696 

6,183 

6,681 

6,194 

4,724 

4,274 

3,846 

3,440 

3,058 

lO"" x 

7 

2,700 

2,366 

2,057 

1,770 

1,507 

1,267 

1,048 

849*8 

671*4 

511*7 

lO*'" < 

8 

869*6 

244*0 

133*9 

-{- 38*09 

- 44*49 

- 114*9 

- 174*1 

- 223*3 

- 263*2 

- 294*9 

. 10 “" X 
10 ""X 1 

9 

10 

- 319*2 

- 307*5 

- 336*8 

- 348*6 

- 355*2 

- 357*4 

- 355*7 

- 350*8 

_ 313*0 

i 

j 

- 332*9 

- 321*0 


When z > 10, 

keiz 4 = -j-sin(40-514z+22-5) + ^sin(40-514z + 67-^ 

When 0 < s < 1, 

keis = —^77+ 1 ^ 0+1 

where v = I 2 :, and Aq = (0-1159315... log<>s). 




2304 
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Table 11 
Ker's 



2 

0 

0-1 

0-2 

0-3 

0-4 

0-5 

0-(5 

0-7 

(1-8 1 

0-9 


0 

- QO 

-9-901 

-4-923 

-3-220 

-2-352 

-1-820 

-1-457 

-1-191 

- 0-9873 

- 0-8259 


1 

-O'dOlG 

-0-5859 

-0-494(5 

-0-4172 

~0-35U 

-0-2942 

-0-2451 

- 0-2027 

-0-l(;5l) 

- 0-134 L 

10 -* K 

2 

-1,0(>G 

-828-2 

-023-4 

-447-5 

-297-1 

-1(59-3 1 

— (51-3(5 

■f 29-04 

+ 104-0 

1(55-3 

10“<X 

3 

214-8 

253*7 

283-0 

305-0 

320-7 

329'9 1 

334-1 

334-0 

330-4 

323-8 

10-^ X 

4 

:iu-8 

303-8 

291-3 

277-7 

203-2 

248-1 ' 

232-8 

217-3 

201-9 

IHO-H 

10'^ X 

5 

17l-<) 

157-5 

143-7 

130-4 

117-7 ! 

106-8 

91-17 

H3-8H 

74-00 

(54-81 

10-4X 

1 (i 

60-32 

-18-50 

41-33 

34-79 

28-85 

23-49 

lK-(57 

14-30 

10-54 

7-1(54 

10 "Ox 

^ 7 

420-5 

103-3 

-58-39 

-247-1 

-40(5-0 

-538-8 1 

-04(5-5 

-732-2 

-798-2 

H 1(5-7 

10'«X 

8 

-879-7 

-899-2 

-900-9 

-904-4 

-893-2 

-874-7 1 

-850-() 

-820-4 

i --780-8 

750-2 

10-«x 

9 

-711-2 

-(570-7 

-029-3 

-687-5 

-615-8 

-504*5 

-4(54-1 

-424-8 

-38(5-8 

- 350-4 

10-•’x 

10 

-315-0 






_! 





When 3 > 10, 

1 .OKQ<)o-s/V2f Q \ 

ker'z == - -jsin(40-5143+67-6)°+~sin(40-5142+112-5)“|. 


WhenO 


1 , 


, . . 1,1 1 

kerz 2 


K+j)”’ 




Kei';^ 



Z 

0 

0-1 

0-2 

0-3 

0-4 

0*5 

0-6 

0-7 

0-8 

0-9 


0 

0-0000 

0 - 14(10 

0-2229 

0-2743 

0-3096 

0-3332 

0-3482 

0 - 35(53 

0*3590 

0-3574 


1 

0-3624 

0-3445 

0-3345 

0-3227 

0 - 309G 

0 - 296(5 

0-2809 

()- 2 ( 55H i 

0-2504 

0-2351 


2 

0-2198 

0-2048 

0-1901 

0-1769 

0 - 1(521 

0-1489 

0 - 13(53 

(>•1243 ! 

0-1129 

0-1021 

10 "«X 

3 

9,204 

8,259 

7,378 

6,558 

6,799 

5,098 

4,464 

3 , 86-1 ! 

3,325 

2,835 

lO-'^x 

4 

2,391 

1,991 

1,(531 

1,310 

1,024 

771-5 

649-2 

355-0 1 

186*5 

41-52 

lO-'X 

5 ' 

- 820-0 

- 1 , 8(51 

- 2 , 72(5 

- 3,433 

- 4,000 

- 4,440 

- 4,769 

- 0 ,()() l ) 

- 5 , M6 

- 6,217 

1()“«X 

(5 

- 5,224 

- 5 , 17(5 

- 6,082 

- 4,951 

- 4,788 

- 4,(500 

- 4,393 

- 4,170 

- 3,939 

- 3,701 

10-«x 

7 

- 3 ,- 1(50 

- 3,218 

- 2,979 

- 2 , 7-15 

- 2,617 

- 2 , 29(5 

- 2,084 

- 1,881 

- 1,(589 

- 1,507 

10 -^ X 

8 

- 1 , 33(5 

- 1,177 

- 1,028 

- 899-2 

- 703-2 

-(54 6-7 

- 54()-4 

- 443-8 

- 366-5 

278-1 

10 -^ X 
10--X 

9 

10 

- 208-1 

140-9 

- 146-9 

- 91-09 

- 43*16 

- 1-659 

+ 34-16 

64-49 

89-89 

110-8 

127-7 


When 2 : > 10, 

1.9Koqrt-!i/V2/ q \ 

kei's — 7 — sin(40*5i42:—22-5)'^++ 

NZ \ oC ] 

When 0 < s < 1, 

k . i -, 4 . 

where v = \z, and = (0‘1159315...—log^s). 
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Table 12 


Ber,,,^, bci„z, ber^z, and bei^z, from «. = 1 5 


h«‘r, 
lH‘i, 
Ikt', 
Ih'J; *' 

IhUj,! 

b<?r'^ 
l)v\;z 

I Iff,.’ 
hiMa*’ 
InTa,? 
hrii.t 

In'ra.: 

hrt'i; 

iMTa^r 

hi^h 


1 

3 

. 

4 

5 


7 

8 

9 

10 

o-:i!bv.> 

1 o-:iii7o 
0-.r/<57 

1 0-3130 

0-1MJ7I 
0-30 IIS 
0-7305 
-0-;505H 

1-703 
0-1875 
0-030(1 
- 1 -301 

-1 *809 
-^3-504 
0-0587 
-3-793 

0-3508 
- 5-798 
4-351 
-3-328 

7-462 

-7-877 

10-21 

0-2355 

20-37 

-2-317 

14-08 

12-78 

32-51 

21-67 

5-866 

36-88 

20-72 

73-05 

-37-11 

61-75 

-59-48 

131-9 

-132-1 

45-13 

O-OKM 

0-1317 

1 o-ono 

0-31 HO 

0-1053 

0-17113 

0-:i37K 

o-i:i7H 

O-KOH-l 

0-8910 

1 -031 
• 0-3805 

2-318 

-0-7354 

I-970 
0-H53H 

4-488 

1-122 

‘2-050 

3-785 

• 5-243 

7- 432 
-1-455 

8- 369 

- 0-9504 
17-59 
-12-49 
11-02 

-22-89 

25-44 

-32-59 

1-301 

-65-87 

10-13 

-50-96 

-38-55 

-111-8 
-06-61 
-28-84 
-122-0 

! 0-013H 
0-0150 
o-o;t3'i 
O-O'IKO 

0-0H50 
0-M 13 
O-OOHO 
o-3;oi‘i 

0-1304 

0-5054 

'0-0730 

0-0303 

-0-2K20 

1-438 

-0-9141 

1-074 

-2-094 

2-454 

-^2-9‘23 

0-0950 

-6-430 

-fl'901 

-5-748 

-2-499 

-12-88 

-4-407 

-6-249 

-11-22 

-15-42 

-22-58 

3-980 

-25-71 

3-167 

-54-54 

38-35 

-35-50 

72-25 

-81-42 

104-5 

-7-513 

0-0030 

o-oooi:i 

0-010-1 

0-0007H 

- 0-0-110 
o-oosn 

O-OKOO 

0-03-18 

'0-1033 
• 0-0030 

.0-33-13 

-0-1835 

-0-1931 

0-4999 

-0-3237 

-0-7167 

-0-0287 

-1-7276 

0-2483 

-1-834 

0-6483 

-4-230 

2-770 

-3-071 

C-084 
- 7-117 
8-745 
-1-922 

19-00 

-5-289 

17-32 

7-704 

38-67 

14-08 

19-14 

34-55 

40-58 

70-50 

-12-15 

80-47 

t O-OOOli) 
O-OOOIH 
()-()0007 
0-U00H7 

0-0008 1 
0-00-lH 1 
t-0-017H 1 
■ 0-0110 

0-0580 
- - 0-0355 
0-1048 
-0-0383 

0-2731 

-0-0335 

0-3«08 

0-0-107 

0-8510 

0-2114 

0-8161 

0-6666 

1-831 

1-470 

1- 007 

2- 220 

2-209 

5*242 

-0-8472 

5-590 

-1-821 

12-81 

-8-624 

9-234 

-18-62 

21-38 

-36-90 

4- 5-5041 

-08-72 

15-19 

-53.43 

-24-51 


Table 13 

K(;r„z, kcijjS, ker^z, and kei^z, from n = 1 to 5 



1 

2 

3 

4 

5 

C 

7 

8 

9 

10 

ker,.!- 

7,103 

2,308' 

-499-0 j 

53-51 

127-4 

76-76 

27-44 

3-229 

— 3*558 

-3-228 

k<u,.r 

2,120 

HOO-5 

802-7 j 

391-7 

115-8 

2-884 

-21-49 

-15-67 

-6-501 

-1-235 

k«'r,',c' 

H,K70l 

‘2,KH() 

1,00‘2 

220-9 

-23-18 

-59-20 

-36-GO 

-13-52 

-1-853 

4-1-682 

kei,'.,’ 

7,947 

730-3 

- 380-1 i 

-309-3 i 

-183-7 

-56-13 

1-566 

9-852 

7-485 

3-214 


Multiply all values by 10-^ 


ker^r 1 
keig.* i 
ktu'j 
k«4;,r 

4,180 

IH,K42 

1,115 

41,208 

2,015 
3,090 
1,519 
■ ■ f),2HH 

1,284 
308-0 
1,071 
- 1,100 

481-3 

-179-4 

- 555-5 

- 149-4 

M 

Ul-8 
-lKO-6 
-210-7 
80-46 
ultiply all 

-10-88 
-90-94 
-62-69 
82-66 
values by 

-29-10 

-28-21 

4-111 

42-65 

1Q-* 

-18-20 

-1-497 

13-35 

13-74 

-6-834 

4-772 

8-631 

1-020 

-1-013 

3-706 

1 3-359 

i- 2-150 

kei'a*: 

kcia^r 

ker.;.- 

keia-tr 

48,873 

02,097 

10,290 

17,772 

2,9H0 

- 

850-1 

1,297 

- 304-5 
-2,300 
- HI)-30 
300-8 

-520-7 

-005-2 

17-70 

92-11 

-292-8 

-76-85 

22-44 

25-29 

-114-5 

45-12 

12-92 

3-405 

-27-07 
44*66 ' 

6-213 
-1-977 

2-677 

22-63 

1-292 

-2-030 

7-205 
7-148 ! 

-0-0944 
-1-059 

4-563 

0-473 

-0-3273 

-0-3479 


Multiply all values of kera« and Iceigia: by 10"* and those of kerjs and keiSs by 10"* 


kf-r.z 

. 47,753 

.2,775 


- 57-09 

7-143 

12-38 

7-257 

2-878 

0-6807 

-0-0722 

kei*r 

3,9H1 

IMO-O 

348-5 

137-4 

49-13 

14-00 

1-780 

-1-193 

-1-154 

-0*6843 

keriff 

192,000 

5,900 

740-2 

130-7 

20-43 

-3-344 

-5-361 

-3-229 

-1-318 

-0-3272 


.8,035 

- 1,042 

■■-3‘23-« 1 

-131-4 

-6-1-82 

-20-62 

-6-088 

-0-8148 

0-5168 

0-6229 


Multiply all values by 10“* 


ker; j 
keij^ 

Multiply values marked x by 10"» 


2H7-8. 

10-21 

1-408 

327.1 X ' 

77-13X 

12-98x1 

- 1-719 X 

-3-146 

X 

1-1-874 

X 

‘253-9 

0-077 

0-3531 

-52-99x1 

-56-32X 

-29-38x1 

-11-77 xl 

-3-455 

X 

-0-4175 X 

- 1,-108 

- 24-23 

-2-103 

- 465-0 X i 

-117-lx 

-29-47 X 

- 5-162 X 

0-7744X! 

1*375 

X 

-1,300 

-17-82 

-1-126 

-71-26X ! 

26-42 X 

23-33 X 

11-28 X 

1 6-038 

X 

1 1*529 



- 0-7460 X 
0-3341X 
0-8372 X 
0-2001X 
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Table 14 


= berz+ibciz 


z 


1or{VzMo(z)} 

«o(2) 

z 

Moiz) 

1o«{VzM„(2:)} 

(hiz) 

0-00 

3-000 


0-00^ 

2*0 

1-229 

0-2401 

52-29“ 

0*05 

1 *000 

1-35195 

0-04 

2*1 

1-274 

o- 20 o:t 

50-74 

O-iO 

1*000 

1*5000 

0-14 

2-2 

1-325 

0-2933 

01-22 

015 

1-000 

1*5880 

0*32 

2-3 

1 -381 

o-:i2io 

05-71 

0*20 

1-000 

1*0505 

0-57 

2-4 

1-443 

0-3493 

70-19 

0*25 

1-000 

T-OOOO 

0-00^^ 

2*5 

1-51 1 

o-:{78:i 

74-05“ 

0*30 

1 -ooo 

1-7380 

1-29 

2-0 

1 -580 

0-4077 

79-09 

0*35 

1-000 

1*7721 

1*75 

2-7 

1 -(500 

0-4:175 

83-59 

0*40 

1 -ooo 

1-8012 

2-29 

2-8 

1-754 

0-1070 

87-87 

0-45 

3-0()l 

1-82(59 

2*1)() 

2-9 

1 -849 

0-4980 

92-21 

0-50 

1-001 

1-8499 

3*58" 

3-0 

1-950 

0-52H0 

90-52“ 

0-55 

1-001 

i-8708 

4*33 

3-1 

2-059 

0-5594 

100-79 

0-«0 

1-002 

1-8900 

5-15 

3-2 

2-170 

0-5902 

105-03 

0*05 

3 -003 

1-9077 

(5-04 

3-3 

2-301 

0*0212 

109-25 

0*70 

1*004 

1-9242 

7*01 

3-4 

2-434 

0*0521 

113-43 

0-75 

3 -005 

1-9397 

8*04« 

3-5 

2-570 

0-0880 

117-00“ 

0*80 

1-00(5 

1-9543 

9*14 

3-0 1 

2-728 

0-7140 

121-75 

0*85 

1-008 

1-91582 

10*31 

3-7 

2-889 

0-7449 

125-87 

(J-00 

1-010 

1-9815 

11*55 

3-8 

3*001 

0*7758 

129-99 

0*95 

1*013 

1-9943 

12*80 

3-9 

3*244 

0*8007 

134-10 

3-00 

l-OlO 

0-0007 

i4-2:r 

4-0 

3*439 

0*8375 

138-19" 

3*05 

1*019 

0-0187 

15*00 

4-5 

4*018 

0-9910 

158-59 

I-IO 

1*023 

0*0304 

17*10 

5-0 

0*231 

1-1441 

178-9:{ 

1*15 

1*027 

0-0419 

18*72 

5-5 

8*447 

1 -2909 

199-28 

1*20 

1 *o:i2 

0-0533 

20*34 

(5-0 

11*50 

1-4498 

219*02 

3-25 

1*038 

0-0045 

224)2'* 

7-0 

21*55 

1 *7500 

200*29" 

I-30 

1*044 

0-0750 

2:1*75 

8-0 

40*82 

2*9024 

300-92 

1*35 

1*051 

0-0807 

25*54 

9-0 

77*90 

2*3090 

341*52 

1*40 

1*059 

0-0978 

27*37 

10-0 

149*8 

2*0750 

382*10 

1 *45 

1*007 

0-1089 

29-20 

11-0 

289*5 

2-9824 

422*0(5 

I-50 

1 *077 

0-1201 

31-19'* 

12-0 

501*8 

3-2892 

40:V22" 

I-55 

1*087 

0-1314 

33*10 

14-0 

2,137 

3 •9029 

544*32 

1*«0 

1 -HOO 

0-14*28 

35*17 

10-0 

8,217 

4*5108 

025*40 

1*05 

1*111 

0-1544 

37*22 

18-0 

3.i8r»i 

5*1307 

700*40 

1*70 

M24 

O-JOOl 

39*30 

200 

1,242a 

5-7447 

787*52 

1*75 

1-139 

0-1779 

41*41“ 

25-0 

3,8093 

7-2798 

990* 15“ 

1*80 

1-154 

0-1900 

43*54 

30-0 

1,192a 

8*8150 

1,192*75 

1*85 

1-171 

0-2022 

45*70 

35-0 

3,780« 

1,2 15h 

10*3502 

1,395*35 

1*90 

1-189 

0-2140 

47*88 

40-0 

11*8850 

1,597*94 

1*95 

1-208 

0-2273 

50-08 

45-0 

3,929« 

13-4209 

1,800-53 


(l,‘215» reproHOutB 1,215x 1U“.) 

When z > 45, Mq{z) and d^iz) can bo found to 4 decimal placets and to the 
nearest 0*001"^', respectively, from the forinnlae: 


\og,,,M^{z) -- 0*3070932:+ —-0*39909Jlogics, 

e^{z) = 40-514233- —-22-6 (degrees). 
z 

The function log{V 2 :Mo(s)} is tabulated in case it is desired to interpolate. 

Proportional parts may be used for interpolation without introducing an 
error > 1 in the last figure, except for Mq(z) when z > 2*7 and for log{VbMo(s)} 
when z < 0-75. When z > 2*7, log('^zMQ(z)} should be found from the table 
and Mq(z) can be deduced therefrom. See also the formulae in examples 59, 
00, p. 133. 
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Table 15 


Ji{zi^) — = beriZ+ibeiiZ 


MxU) \ou,{^zMi(z)} 


()-(>0 
005 
0*10 
.0-15 
{>•20 

0-25 

o-:u> 

o-:t5 

(>••10 

0-45 

0-5{> 

0-55 

o-no 

0*(55 

0-70 

0-75 

O-HO 

0-H5 

0-00 

0*05 

1‘00 
I -05 
MO 
1-15 
J-20 

1 -25 
{'20 
I -^5 
I’tO 
1*45 

1 -50 
1 *55 
1-{M) 

I -05 

1- 70 

I >75 
I'HO 
1 ‘85 
J-00 
M)5 

2 * 0 {) 

2>05 

2 - 10 
2*15 
2*20 


O’OOOO 

00250 

()O5()0 

00750 

O-IOOO 

{>•1250 
0*15(H) 
0-1750 
0-2000 
0-2250 

0'25()() 

0-2751 

0-2001 

0-:5252 

0-2502 

0-2752 

0-4004 

0-4250 

0-450H 

0-4200 

0-5012 

0-5207 

0-5521 

0-5770 

0-0022 

0-0200 

0-054H 

0-(W08 

0-7070 

0-7222 

0-7508 

0-7800 

0-8120 

0-840H 

0-8084 

0-8002 
0-0244 
0-0520 
0-0810 
1-011 

1 -011 
1-072 
1-102 
M24 
MOO 


2-7474 

2-1000 

2-4021 

2-0505 

2-7050 
2-0147 
1-0151. 
1-1021 
1-17HB 

1-2175 

1-2000 

1-2002 

1-4185 

1-4000 

1-5110 

1-5541 

1-5027 

1-0211 

1-0(505 

l-7()0l 
1-7221 
1-7(127 
1-7020 
1-8201 

1-8.171 
1-8721 
1-8082 
1 -0225 
1-04 00 

1-0088 

1-0000 

0-0125 

0-0225 

()-()520 

()-()720 

0-0025 

0-1127 

0-1215 

0-1400 

0-108() 

0-1850 

0-2025 

0-2208 

0-2270 


Oiiz) 


Mxiz) 

log{-N/zM’i(z)} 

0i(^ 

ISfi-OO** 

125-02 

125-07 

125-10 

125-20 

2-25 

2-20 

2-35 

2-40 

2-45 

1-190 

1-232 

1-20(J 

1-301 

1-337 

0*2548 

0-2715 

0-2881 

0-3045 

0-3207 

170-50“ 

172- 03 

173- 58 

175- 16 

176- 76 

125-45” 

125-04 

125-88 

120-15 

120-45 

2-50 

2-55 

2-00 

2-05 

2-70 

1-374 

1-411 

1-450 

1-489 

1-530 

0-3368 

0-3529 

0-3088 

0-3846 

0-4004 

178-39“ 

180- 03 

181- 70 
183-39 
185-10 

120-70“ 

127- 17 
137-58 

128- 02 
128-51 

2-80 

2- 90 
2-00 

3- 10 
2-20 

1-015 

1-705 

1-800 

1- 901 

2- 009 

0-4317 

0-4628 

0-4938 

0-5247 

0-5555 

188-57“ 

192-11 

195-71 

199-37 

203-08 

12002“ 

120-58 

140-17 

140- 80 

141- 40 

3-30 

2- 40 

3- 50 
3-00 
3-70 

2-124 

2-246 

2-376 

2-515 

2-664 

0-5803 

0-0171 

0-0479 

0-0788 

0-7096 

200-83“ 

210-62 

214-44 

218-30 

222-17 

142-10“ 

142- 80 

143- 00 

144- 40 

145- 20 

3- 80 

4- 00 
4-25 

4- 60 

5- 00 

2- 823 

3- 173 
3-681 

4- 278 

5- 809 

0-7405 

0-8025 

0-8801 

0-9579 

1-1136 

226-07“ 

233-00 

243-77 

253-67 

273-55 

140-17“ 

147- 07 

148- 02 
148-00 
150-00 

5- 5 

6- 0 

6- 5 

7- 0 

7-5 

7-925 

10-85 

14-90 

20-50 

28-27 

1-2692 

1-4245 

1-5795 

1-7343 

1-8889 

293-48“ 

313*45 

333-46 

353-51 

373-59 

151- 04" 

152- 12 

153- 22 

154- 28 

155- 55 

8-0 

0-0 

10-0 

11-0 

12-0 

20-07 

74-97 

144-7 

280-4 

545-0 

2-0434 

2-3520 

2-6004 

2- 9085 

3- 2705 

393-69“ 

433-96 

474-28 

514-03 

555-02 

150-70“ 

158-00 

150-27 

100- 57 

101- 00 

14-0 

10-0 

18-0 

20-0 

25-0 

2,084 

8,038 

3,123i 

l,220t 

2,7553 

3- 8920 

4- 5072 

5- 1222 
5-7270 
7-2736 

035-84“ 

716-72 

797-63 

878-57 

1,080-98 

102-27“ 

104-00 

100-08 

107-52 

100-00 

30-0 

25-0 

40-0 

45-0 

50-0 

1,1783 
3,748, 
1,204« 
2,899, 
l,270n 

8-8099 

10- 3459 

11- 8817 

12- 4175 
14-9532 

1,283-45“ 

1,485-94 

1,688-46 

1,890-98 

2,093-52 


and to the 


(l,178tt reprcBcnta 1,178 x lO"^.) 

Whon s > r.O, M^(z) and d^iz) can bo found to 4 decimal places 
noarost 0-001°, rospoctivoly, from the = 

lo&„Mi(z) = 0-307093Z--0-39909-ilogi„z, 

0^{z) = 40-61423Z+— i--+-67-5 (degrees). 

> 3-3 and for log W(z)} 

when z < 1-3. Whon z > 3-3, log{VzM,(z)} should be found frorn the 
Mi(z) deduced therefrom. See also the formulae m examples 61, 62, p. 133. 
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accession to inertia, flexible diskii 91. 

-membrane, 93. 

--- rigid disk, 84. 

-sphere, 35, 40. 

acoustical iinpodanco of horn, 88 . 

— power factor, 74, 77. 

— pressure on rigid disk, 54, 80, 81. 
admittance of transmission line, 107. 
alternating current resistance, of straight 

wire, 140. 

— -of solenoid with core, 145. 

angular range for complex variable, 

alteration of, 61-3. 

--symbolism for, x. 

application of ber and bei functions, 
134-9. 

— of ker and kei functions, 149. 
artifiicial line for balancing cable, 106, 
asymptotic expansion, definition, 70. 
-borz, bei 2 , 177. 

-bor^, 2 , bei^ 2 , 169. 

-bor' 2 , bei^ 2 , 178. 

-bor' 2 , boij 2 , 169. 

-71, 161, 102. 

-Ho( 2 ),Hi( 2 ), 176. 

-H,( 2 ). 166. 

-/,{ 2 ), 163. 

-JoW, 65, 157, 173. 

-69, 158. 

- K,{z), 164. 

- K,{z), 165. 

-korz, koi 2 , 179. 

-keiY 2 , kei^ 2 ,172. 

-ker' 2 , koi' 2 , 180. 

-ker' 2 , kei' 2 , 172. 

- M,(z), ^ 0 ( 2 ), 133, 154. 

-JW'i( 2 ), e^{z), 133, 154. 

- Na{z), <l>o{z), 133, 155. 

- N,{z), 133,155. 

-^ 0 (^ 2 ), 65, 160, 174. 

- y,{z). 66 , 161. 

-practical application of, 15, 75, 79, 

87, 141-13, 131. 

-smallest term in, 70. 

ber and boi functions, 119-33. 

-application, 134. 

-asymptotic series, 169. 

-graphs, 120 . 

-polar form, 122 . 

-tabular values, 177, 178, 181. 

berjs-l-beijz, series for, 153. 

Bernoulli’s equation for chain, 1 , 10 . 


Bessel coofilcients, 1- 3, 41. 

-generating function of, 41. 

Bessel’s definition of * 4 ( 2 ), 3. 

— equation for , 7 ,^( 2 ), 3. 

Bessel functions of first kind, 4. 

-inodilku!, 102, 10,3. 

-of second kind, 4. 

..- ^—modified, 102, !03. 

of third kind, 8 . 

-order zero, 5, (i. 

-ri, 20 , 102 . 

--(n f J), 64. 

-j,, 00, 102, 103. 

Be.ssel loud-spoalun* horns, 73, 87, 88 . 

— -relative pcrformMnct^, 77. 

boundary cotulilions, annular mcmliraue, 

14. 

--- circular membraias 1 1 , 23. 

-driven rnembrane, 13. 

cable, electrical data, M 2 , 
cajmeiiy of submariiu^ cabU^, 106, 112 . 
charge in furnace crucible, 1-15. 
circular functions, comparison with B.F,, 

3. 

-relationship to B.K., 43 5, 64. 

-series for in terms of B. h\, 42, 

complete solution of Bes^fi’s equation, 

7, 23. 

complex numbers, graphical represouia- 
tion of iK etc., 119. 
complex variable, 61, 69 73, 82, 85 "7, 
110-13, 155. 

-altering angle rang<s 61 Ib 72, 86 , 

111 . 

-mnnen(!al (waluat.ion of functions, 

72, 73, 112. 

condenser loud speaker, 12, 18, 19. 

— microphone, IX. 

conical bar, lateral vibrations, 114. 

-vibrational amplitudt^, 1 M. 

conical shell, longitialinal vibrations, 118. 
current density in straiglit wire, 134 - 7. 
cylinder functions, dtfiinition of, 28. 

-integrals for pro<iuct of, 96, 97. 

— —recurrence formulae, 28, 35, 162. 

determinant, Wronskian, 6,115,116,156. 
differential equation, Bossors, 3, 39, 74. 

-Bessel type, 15, 16, 37, 113, 114, 

116, 119, 128, 150, 151, 153, 155. 

-for ber 2 , bei 2 , 110 . 

--for kers, keiz, 119. 
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difXonuitial (H|uation for Kq{z), 113. 

.for K^iz), U)± 

.for \\{z), 4. 

.for .4(2), 3. 

for J,(z), ,y;(3), 22. 

Logiaalro’H, 31. 

for l<)u<l-8poakor horn, 73. 

for No(-), 

for M\{z), N^iz), 128. 
niothod of HolnUon, 5, 0, 30. 
HulKst.iiut.ionH to ofitain gonoric 
form, Ifi, !(), 20, 32, 37-™<), 75, 108, 
113 15, 150, 151, 153. 
duplo.K t.nl(igi‘a|)hy, witli taporod cable, 
100 . 

oddy (uirront furnaco, 147 -9. 

Iu88 in Holonoid core, 141-5. 
in Htraight wire, 140. 
offoctivo induci.atico of {;ablo, 100. 

— — of straight wire, 140. 

- •— of toroid witii core, 145. 

(4T(H*tiv(!» |)onnoability, 146. 
cilToctivo roHintanco of cable, 106. 

.. of Holonoid witli core, 145. 

- of Htraight wire, 140. 
of toroid with core, 145, 
el<Hd.ri(uil ludavork, 20, 111. 
traiKstninHion lines, 106-13. 

.- ~ Hchornatic? diagram of, 107. 

eni|>ti(^ planetary motion, 2. 

<Hpiation, BeHserw, 3, 

Legendro’n, 31. 
zonal .surface bannonics, 29. 
kluler’H (constant (y), 7, 57. 
expauHion curve of loud-speaker horn, 73, 
74. 

expauNiotiH in terms of B.B"., 42, 43, 60, 
51, 160. 

factorial function, 58. 

Oaring of horn, effect of, 78, 79. 

- indv’isx of horn, 74. 
fluid pressure on disk, 84, 91, 93. 

... on sphere, 40. 

ftmetions of various kinds, see under B. 
fundamental systems of solutions, 6, 
20«2, 103. 

furnaces, application of B.F. to, 142-9. 

— eddy current, 147-9 

gamma function r(s). 57-9, 81, 168. 

— —» calculation of, 59, 60, 81. 

— — graph of, 59. 

generating function of Bessel coefficients, 
41, 53. 


graphical representation of ber^:, beis, 

120 . 

- 66 . 

-of I,{z), Ko{z), 104. 

-of zi, etc., 119. 

- otJ,{z),Y,iz), 8. 

-of .4(2:), 21. 

-of Mo( 2), e^{z), 123. 

-of Winia), n(/7za), 145. 

Hankelian functions, 8. 

Heaviside-Bossol transmission line, 110, 
117. 

historical introduction, 1-3. 
horns, loud-speaker, 73-80, 87, 88. 
hyperbolic functions, 109. 

-relationship to B.F., 64. 

hypergoornotric function, 56, 57, 80, 81, 
91,92, 168. 

definition, 8. 

/4'\z), definition, 23. 

-as solutions of Bessel’s equation, 

23. 

-asymptotic expansions of, 71, 79, 

85, 86, 161, 162. 

-application of to horns, 75, 79. 

Ho(z), asymptotic formula, 176. 

— definitioii, 66. 

— graph, 66. 

— tabular values, 170. 

— zeros, 66. 

Hi( 2), asymptotic formula, 170. 

— definition, 67, 68. 

— graph, 66. 

— tabular values, 176. 

H^(2), definition, 67. 

— asymptotic expansion, 71, 166. 
comparison with 4(^)» 

— equation for, 84, 167. 

— integral representation, 67, 166. 

— series, 67. 

imaginary arguments, 102, 103, 106. 
infinite integrals, exponential, 18, 55, 
160. 

-products of two B.F.s, 91-3, 160. 

inductance of cable, 108. 
inertia component of sound pressure on 
disk, 84. 

- ill horn, 79. 

integral representation of 67, 166. 

-of4(z), 103, 162-4. 

— — of 4(z), 65, 157-9. 

--of Kq{z), U6. 

-of A^z), 165. 

-of i;(z), 161. 
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integrals of products of B.F. (Lommel), 
94-100, 115, 126, 131, 154, 160, 162, 
164, 166. 

integration, 43-50. 

I(i(z), application, 117, 118. 

— definition, 162. 

— equation for, 157. 

— integral representation, 162. 

integral representation, 151, 164. 
I^(z), asymptotic expansion, 163. 

— definition, 102. 

— equation for, 102, 157. 

— relationship with 103. 

relationship with hyperbolic func¬ 
tions, 115, 164. 

Isometric plotting of 21. 

Jo( 2 :), application, 11-15, 17, 18, 88. 

— asymptotic expansions, 69, 157, 173. 

— equation for, 4, 157. 

— integral representation, 16, 43-5, 152, 
167. 

— series for, 6, 6, 157. 

— tabular values, 173. 

— zeros, 35. 

Ji(z)f application, 88, 

— asymptotic formula, 173. 

— tabular values, 173. 

— zeros, 35. 

Jaiz), Ja(z), J^(z), tabular values, 174. 
application, 88. 

— BessoFs definition, 3. 

— equation for, 20, 157. 

— integral representation, 3, 42, 43, 51, 
52, 159. 

asymptotic expansion, 69, 158. 

— definition, 60. 

— equation for, 22, 157. 

— integral representation, 64, 158, 159. 

— series for, 60, 158. 

J^{z)f application of, 109. 

— relationship to circular functions, 64. 

— hyperbolic functions, 64. 
series for, 64. 

i(z), relationship to circular functions, 
64, 159. 

— series for, 159. 

— as solution to equation of zonal har¬ 
monics, 32. 

application of, 110-13. 
series for, 83. 

ker and kei functions, 119-33. 

-application, 149. 

-asymptotic series, 172, 179, 180. 

-polar form of, 122. 


ker and koi, tabular values, 179-81. 

-values of z < 1, 179, 180, 

Kq{z), application, 117-18. 

— asymptotic formula, 164. 

— equation for, 157. 

— series for, 164. 

X„(z), application, 117-18. 

— series for, 165, 

a.symptotic .scrii^s, 165. 

~ definition, 103, 165. 

— i I itogral re presoi i ta t ion, 165. 

— in terms of 103. 

Legendre’s coefiicionts, 31. 

— equation, 31. 

— functions P„(/x), 17, 31. 

— graphical representation, .29. 

-— polynomials, 31. 

— recurrence formula, 31, 

— table of, 31. 

linearly tapered traiismissiorilim’i, 110-13. 
linearly independent solutions of BossoFs 
equation, 6, 103, 156. 
loaded submarine cable, 106, 107, 110-12. 
Lommel integraLs for product of two 
B.F.s, 9‘t-lOO, 115, 126, 131, 154, 160, 
162, 164, 166. 
loss function W(wa), 144. 
loud-s^joaker horns, 73-80, 87, 88. 

maximum eddy current loss in core, 144. 
mechanical roactanco of horn throat, 
79. 

— resistance of horn throat, 77-9. 
membrane, annular, 14, 17, 55. 

— circular, 9. 

— driven, 12. 

— effective mass, 13, 18. 

— natural vibrations, 12. 

— nodal circles, 12, 14, 27. 

— radial nodes, 27. 

— shape during vibration, 12, 17, 18, 27. 
microphone, condonsor, 17, 
modulation products, 93, 156 (ex. 70). 

GqIz), Mi{z), Oi{z), application, 
135-41, 143, 146, 148. 

— asymptotic formulae, 133. 

— graphs, 123. 

— tabular values, 182, 183. 

M,(2), e,{z), 122-31. 

Neumann’s second solution of Bessel’s 
equation, 6, 7, 23. 

nodal circles on membrane, 12, 14, 27. 

-on sphere, 31. 

nodes, radial on membrane, 27. 
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No{z)y Mz)y Ni{z), asymptotic 

formulae, 133. 

N,{z), 4>,{z), 122-31. 

ponotration function T[{ma)f 146, 149. 
permeability of furnace core, 146-9. 
phase of current in conductor, 136. 

‘phase z\ definition, xi. 
plane wave assumption in horn theory, 
xi. 

polar curves of sound distribution 
annulus, 18. 

- - of disk, 40, 50, 53, 54. 

power delivered to horn, 88. 

— - fatdor in liorn, 77. 

— loss duo to eddy currents in coro, 
142 4. 

— . ..— straight wire, 140, 141. 

products of two B.F.s, integrals, 91, 

94-7, 99, 100, 115, 126, 131, 154, 160, 
162, 164, 166. 

--- series for, 97, 98. 

propagation coefTicient of transmission 
line, 106. 

radial modes of membrane, 26, 27. 
reactance of horn throat, 79, 
rectifying valve, current, 106. 
recurrence formulae, cylinder functions, 
28, 35, 162. 

...».. .. for 26, 161. 

— - - forH,(z), 68, 167. 

.for 4(z), 4(z), 163. 

— - - - for 4(z), J,(z), 24, 25, 35, 156, 168. 

— .forA4(z), K,{z), 165. 

— ..for 31. 

..for4(z),y,(2), 26,161. 

resistance, effective, see under E. 

— at horn throat, 79. 
roots of Ho(z) = 0; 66. 
--of4(z)-0,yo(z) == 0;8,9. 

— of ./i(z) = 0;35. 

series impedance of cable, 108-12, 117, 
118. 

shunt admittance, 108-12, 117, 118. 
skin effect in wire, 134-41. 
io, tube, 141. 

smallest term in asymptotic expansion, 
70. 

solutions of Bessel’s equation, 4, 6, 20, 
21, 157. 

Sonino’s definition of cylinder function, 
28. 

— first finite integral, 90. 


191 

sound distribution from annulus, 18. 
sound distribution from disk, 49, 50, 53, 
54, 100. 

— power from disk, 99. 
spherical harmonics, 28-34, 40, 151. 
sphere, vibrating, 29, 40. 

squares ami products of B.F., series for, 
97, 98. 

submarine cable, 21, 55, 87, 106-113, 
114, 117, 118. 
symbols, x. 

tabular values of her z, beiz, 177. 

-of beFz, boi'z, 178. 

-of bor^^z, boi^^z, 181. 

-of ber^z, bci^z, 181. 

_™„of H,(z), H,(z), 176. 

-of Jo(2^),./x(z),173. 

- oiJ,{z), Mz),J,{z), 175. 

-of ker z, keiz, 179. 

-of ker'z, koi'z, 180. 

-of ker^z, kei,^z, 181. 

-of kor^z, koi^z, 181. 

- oiM,{z), 0,{z), 182. 

-of if,(z), f?,(z), 183. 

- oiY,{z),Y,{z), 174. 

uniform transmission liiio, 109. 

vector diagram for //[,^^(z), i/J?^(z), 25. 
velocity potential, disk, 93. 

-graphical representation, 74, 88. 

-loud-speaker horn, 73-6, 87, 88. 

-sphere, 29, 33-5, 40. 

vibrational frequencies, annular mem¬ 
brane, 14, 15. 

-— circular nxombrano, 9-12, 17. 

— .driven membrane, 12-14, 18. 

wattless component of sound pressure, 
25. 

-in horn, 79. 

Wobor-Sehafheitliri, infmito integral, 91-3. 
Weber’s solution of BesseFB equation, 7, 
20, 23. 

Wronskian determinant, 6, 115, 116, 156. 
W(ma), loss fimction, 144. 

Fo(z), application, 14, 15, 17, 88. 

— asymptotic formula, 85, 160, 174. 

— equation for, 4, 157. 

— graphical representation, 8, 9. 
--series for, 7, 160. 

— tabular values, 174. 

— zeros, 9. 
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application, 88. 

— asymptotic formula, 174. 

— tabular values, 174. 

F„(s), series for, 7, 161. 

Y^{z)f asymptotic series, 70, 161. 

— definition, 22, 161. 

— equation for, 22. 

— integral representation, 161. 


INDEX 

Yi{z), relation to circular functions, 64, 

161. 

zeros of various functions, soo under 
‘roots’. 

zonal surface harmonics, 28 -34. 

-application, 40. 

-graphical representation, 29. 




